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THE CUBIC DIRAC EQUATION: SMALL INITIAL 

DATA IN 


10AN BEJENARU AND SEBASTIAN HERR 

Abstract. Global well-posedness and scattering for the cubic 
Dirac equation with small initial data in the critical space 
is established. The proof is based on a sharp endpoint Strichartz es¬ 
timate for the Klein-Gordon equation in dimension n = 2, which is 
captured by constructing an adapted systems of coordinate frames. 


1. Introduction and main results 

In this paper we continue our investigation initiated in [1] regarding 
the full range of Strichartz estimates available for the Klein-Gordon 
equation, with the particular goal of providing L‘^L°° type estimates. 
As an application we prove global well-posedness and scattering for the 
cubic Dirac equation with small data in the critical space. 

For hxed m > 0, we consider the (scalar) homogeneous Klein-Gordon 
equation 

(1.1) -b m^u = 0, M : M X M" — >■ M or C. 

The validity of Strichartz estimates for solutions u of this equation is 
a fundamental and well-studied problem. In the low frequency regime, 
the dispersive properties of the Klein-Gordon equation are similar to 
the Schrodinger equation, i.e. the decay rate of the fundamental solu¬ 
tion is t~ 2 . In the high frequency regime they are similar to the wave 
equation, i.e. the decay rate is In the high frequency regime 

there is also a penalized Schrodinger-type decay: the fundamental so¬ 
lution localized at frequency 2^ decay as the penalization is due 

to the small curvature of the characteristic surface. If one is not con¬ 
cerned with sharp estimates, in the high frequency regime one could 
trade regularity for having access to the better decay t~^. Such an 
approach severely limits the range of applications, in particular to low 
regularity nonlinear problems. 
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The decay rate of the fundamental solution plays a crucial role in de¬ 
termining the range of available Strichartz estimates. It is well-known 
that the endpoint Strichartz L'jL'^ estimate fails for the wave equation 
in dimensions n = 3 and for the Schrodinger equation in dimension 
n = 2, see [ni[25]. For the Klein-Gordon equation fll.ip in three di¬ 
mensions, the endpoint LfL’^ estimate does not fail if one allows for 
a loss of regularity, see [H]. However, the sharp LfL'^ estimate (dic¬ 
tated by scaling) fails to hold true. In [T] we provided a microlocal 
replacement of the missing sharp endpoint Strichartz estimate 

in dimension n = 3 by using adapted frames. 

In dimension n = 2 the same problem becomes signihcantly more 
difficult since both endpoint Strichartz estimates for the wave equation, 
LfL'^, and for the Schrodinger equation, fail to hold. In this 

paper we address this problem by providing L‘^L°° estimates in adapted 
frames. For the Klein-Gordon equation in dimension n = 2, to our best 
knowledge, these estimates are novel in literature. 

Throughout the rest of this paper, we £x the physical dimension 
n = 2. In applications to nonlinear problems, see CM for the cubic 
Dirac equation in three dimensions, the endpoint Strichartz estimate 
and the L°°L‘^ energy estimate imply a bilinear estimate via the 
toy scheme 

Since the L‘^L°° estimate will be established in adapted frames, energy 
estimates in similar frames are needed to recover the above bilinear 
estimate. As in dimension n = 3 in pQ, combining the energy and the 
Strichartz estimate to derive a uniform estimate is only possible in 
presence of a null structure, see Section [31 

The idea to use adapted frames in order to hnd a replacement for 
the missing L‘^L°° endpoint Strichartz estimate is due to Tataru [26] , 
and was motivated by the Wave maps problem. In the context of the 
Schrodinger equation, this was done for solving the Schrodinger Map 
problem in two dimensions in |2]. Naively, one may expect that by 
using the structures in |2S] and [2], one can address the same problem 
for the Klein-Gordon, but this is not the case. The reason is two-fold: 
there are no straight lines (zero curvature submanifolds) foliating the 
characteristic surface so as to emulate the Wave Equation construction; 
trading regularity in order to rely only on the Schrodinger equation 
would provide non-optimal estimates. 

Instead, our current work builds on ideas from [26] and [2] and brings 
new ideas to provide a more complex construction well-adapted the 
geometry of the characteristic surface for the Klein-Gordon equation. 
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As an application, we stndy the cnbic Dirac eqnation in dimension 
n = 2 at the critical regnlarity: Fix M > 0. Using the snmmation 
convention, the cnbic Dirac eqnation for the spinor held -0 : M x —)■ 
C 2 is 


(1.2) + M)'ip = (yV, 

where 7 ^ G are the Dirac matrices 


7 


0 
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0 

-1 
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0 -i\ 

0 y) ’ 


and (•, •) is the standard inner prodnct on C^. 

The matrices 7 ^ satisfy 7 ^ 7 ^ + 7 ^ 7 " = 2g°‘^l2, where (( 7 “^) = 
diag(l, —1). By adapting the set of matrices, the eqnation fll.2p can be 
written in any spatial dimension. We refer the reader to [H | 2 T] for the 
physical background for this eqnation. 

The n-dimensional version of fll.2p becomes critical in in 

the sense that it is (approximately) invariant under rescaling of soln- 
tions. In three dimensions the eqnation was stndied extensively, see 
[3 H El ESI El E] and references therein. The global well-posedness 
for small data in the critical space was established by the anthors in 

ra¬ 
in dimension n = 2 and M 7 ^ 0 , we are aware of only two resnlts: 
[T9l [20] where Pecher establishes local well-posedness of the eqnation 
with initial data in if^(M^) for s > | and [3] where Bonrnaveas and 
Candy establish local well-posedness of the eqnation with initial data 
in To onr best knowledge, no global well-posedness resnlt is 

known so far. The case M = 0 has been settled in [3] where Bonrnaveas 
and Candy also prove global well-posedness and scattering for small 
initial data in see more commentaries below abont this case. 

Onr main resnlt in this paper is 


Theorem 1.1. Let M 7 ^ 0. The initial value problem associated to the 
cubic Dirac equation fll.2p is globally well-posed for small initial data 
"0(0) G Moreover, these solutions scatter to free solutions for 

t ± 00 . 


For resnlts in space dimension n = 1, see Ham- 
A special case arises in the massless variant of the cnbic Dirac eqna¬ 
tion, that is fll. 2 p with M = 0 . A recent resnlt of Bonrnaveas and 
Candy [3] provides the eqnivalent resnlt of Theorem 11.11 for the case 
M = 0. Their strategy stems from the observation that the massless 
case carries similarities to the Wave Maps eqnation. The anthors tailor 
their resolntion spaces aronnd the original ones introdnced by Tatarn 
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[26] in the context of Wave Maps. In order to overcome the Besov 
space obstacle, the authors of [3] used an idea from [T], i.e. adding a 
high modulation nonlinear structure of type for certain p < 2. 

The authors of |3] also obtain a local in time result for M 7 ^ 0 by 
treating the mass term as a perturbation. However, from the 
perspective of obtaining a global in time result, the above strategy is 
limited to the case M = 0 since the resolution spaces for M 7 ^ 0 were 
not known prior to the work in the present paper. 

Our results here and the one in dimension n = 3 from [T] may seem 
orthogonal to the work of Bournaveas and Candy [5]. Indeed, we do not 
address directly the problem with M = 0. However by passing to the 
high frequency limit one can —at least formally— recoup the results for 
M = 0 since we work in the in the scale invariant space dictated by the 
wave part. We do not formalize this here and note that the approach 
in |3] is a more elegant and easier way to deal with this problem with 
M = 0. It is an instructive exercise is to check that, on hxed bounded 
time intervals, our structures become in the high frequency limit the 
ones used in [5] and originating in the work of Tataru [2S] • 

We describe some of the key ideas involved in this paper. The Klein- 
Gordon waves travel with speed strictly less than 1, though in the high 
frequency limit the speed converges to 1. Our frames capture the speed 
variation of these waves as well as their directions, and this is why we 
work with two parameters: uj (angle) and A (speed). Having a precise 
formulation on how the range of speed parameter A depends on the 
frequency plays a crucial role in the argument. 

The hrst system of frames we construct to recover an L^L°° estimate 
stems from the one used [T]. An additional level of complexity is re¬ 
quired due to the fact that once the high frequency waves enter the 
Schrodinger regime the decay rate fails to provide us with a classical 
LfL^ estimate. To £x this issue we need a bi-parameter system of 
frames which depends both on u (angle) and A (speed). 

The next problem arises from that the above system is well suited 
for most angular interactions, but fails near the parallel interactions 
(in fact it works at exact parallel interactions). Moreover, the null 
structure cannot £x this failure as usually is the case. To remedy this 
problem we construct another system of frames which is suited precisely 
to those angular scales and highlights a key geometrical property of 
wave interactions: waves with distinct frequencies travel with different 
speeds in the context of the Klein-Gordon equation. 

The paper is organized is as follows: In the following subsection 
we introduce notation. Section |2] is devoted to endpoint Strichartz 
and energy estimates. In Section [3] we recall the null-structure of the 
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cubic Dirac equation. In Section 0] we construct function spaces for the 
nonlinear problem. In Section 0] we prove auxiliary bilinear and trilinear 
estimates. In Section [6] we prove the crucial nonlinear estimates and 
provide a proof of Theorem 11.11 

We point out that the notation, setup and general reductions in 
the present paper are adopted from [1]. Also, we will repeatedly refer 
to [1] for arguments which are similar in two and three dimensions. 
As indicated above, the analysis in this paper is significantly more 
involved, so it might be useful for the reader to take a look at pQ, too. 

1.1. Notation. Here, we repeat the notation from PQ Subsection 1.1] 
and adjust it to the case n = 2: We dehne A-<BhjA<B — c for some 
absolute constant c > 0. Also, we dehne A -C i? by A < dB for some 
absolute small constant 0 < d < 1. Similarly, we dehne A < H to be 
A < eB for some absolute constant e > 0, and A^BiSA<B<A. 

Let d(Mi,M2) denote the euclidean distance between the two sets 
Ml, M 2 C 

We set (^)fc := for fc G Z and ^ G and write 

(0 := (Oo. 

Throughout the paper, let p G C“(—2,2) be a hxed smooth, even, 
cutoh satisfying p{s) = 1 for |s| < 1 and 0 < p < 1. For fc G Z we 
dehne Xk ■^ K, Xk{y) ■= p(2“^|i/|) - p{2-’^^^\y\), such that A*. : = 
supp(Xfc) C {p G 2 '^-^ < \y\ < 2'=+^}. Let Xk = Xk-i + Xfc + Xk+i 
and Afc := supp(xfc). 

We denote by Pk = Xk{D) and Pk = Xk{D)- Note that PkPk = 
PkPk = Pk- Further, we dehne x<k = Ef=-oo XhX>k = ^- X<k as well 
as the corresponding operators P<k = x<k{D) and P>fc = x>k{D). 

We denote by Ki a collection of spherical arcs (caps) of diameter 2“^ 
which provide a symmetric and hnitely overlapping cover of the unit 
circle S^. Let u{k,) to be the “center” of k and let F^ C be the cone 
generated by k and the origin, in particular F^ fl = k. 

Further, let be smooth partition of unity subordinate to the cov¬ 
ering of \ {0} with the cones F^,, such that each is supported in 
|Fk and is homogeneous of degree zero and satishes 

|(u,(k) ■ V)"r,,K)| < 

Let Pk with similar properties but slightly bigger support 2 Fk, such 
that PkPk = 1. We dehne Pk = i?k(P), Pk = Vk{D). With Pfc,K : = 
p^{D)xk{,D) and Pk,K '■= VK{D)xk{D), we obtain the angular decompo¬ 
sition 

Pk = ^ Pk,K 

kGKi 
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and Pk,KPk,K = Pk,KPk,K = Pk,K- We further define Ak,,^ = supp{r]^Xk) 
and Ak,f, = supp{fi^Xk)- 

We define Q^u{t, 0 = Xm{rT{0)^^^ 0, and Q<^u{t, 0 = X<m{TT 
We also define + Qti + Qm+i- We set to 

be the Fourier support of and to be the Fourier support of 
Qm- We dehne = Yl^-oo Qf^ a hxed large integer c > 30, and 
Q^rn — ^ ~ Q^m- Giveu /c G Z, and a G /C; for some Z G N we set 
to be the Fourier-support of Qt^k- 2 iPk,K- Similarly we dehne 

Given a pair (A,a;) with A G M and uj = {oji,uj 2 ) G we dehne 
= {—uj 2 , 0 Ji) and the directions 


0 = 0 


A,a; 




0^ = 0^ 


vTTP 

1 

A,aj ' o ( 


vTTp 

©0,0;^ =(0,a;^). 


With respect to this basis, understanding the vectors 0a, a;, ©a ©o,aj-L 
as column vectors, we introduce the new coordinates te, xe, with xq = 
{xq,Xq), dehned by 


(1.3) 






If A = 1 we obtain the characteristic directions (null co-ordinates) as 
in [26], p. 42] and [211 P- 476]. However, our analysis requires more 
hexibility in the choice of the frames. For hxed Zc G Z we dehne A(Zc) = 

(l + 2-2^)-i 


2. Linear estimates 

As in [U Section 2], we recall that the decay rates of solutions to 
the linear wave equation and Klein-Gordon equation are determined 
by the principal curvatures of the characteristic hypersurfaces. This is 
well-known and we refer the reader to the list of references provided in 
[U page 47, line 22] and the detailed discussion in [THl Section 2.5]. 

In [1] we started investigating the endpoint Strichartz estimate for 
the Dirac and Klein-Gordon equations in dimension n = 3. In this 
paper we continue our investigation in that direction in dimension n = 
2. This requires a far more delicate theory since we have to deal with a 
missing endpoint Strichartz estimate for the Schrodinger part as well. 
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For convenience, we set m = 1 in the Klein-Gordon equation (II.ip . 
which extends by rescaling to fll.ip with any m 7^ 0. In this case, the 
solution is given by 

(2.1) u{t) = 

where {D) is the Fourier multiplier with symbol (^). Obviously, we 
need to study the propagator For the sake of the exposition, 

we work out all the estimates for the estimates for are 

then obtained by simply reversing time in the estimates for 


2.1. Endpoint L‘^L°° type Strichartz estimate. Our main result 
in this subsection provides endpoint Strichartz estimates for functions 
localized in frequency. The construction of the frame systems needed to 
capture these estimates is time-dependent, but the constants involved 
in the estimates are time independent. 

We £x r G N, construct spaces that depend on r and provide uniform 
estimates on intervals [—T, T] with 2'’“^ < T < 2^. For k < 99 and 
a; G we define the set 


^k,uj = {i2 ’’0 G Z, |i| < 


Vl + 2-2^-4 


X 


and 



r 2 r 00 


inf 

<t>e 





Note that if /ci < ^2 < 99 then C Ak 2 ,Lj- One could be more 

precise about but this is not needed for low frequencies. However 
it is needed for high frequencies and this motivates the next dehnition. 
For k > 100, and a; G we dehne 


Ak^LU 


VTT 


m 


-2' 


i m G 2 


2fe-r-20 


Z n [2^-^ 2'=+^] 


X {a;} 


if A: < r 20, while if fc > r 20, 


Afc,^ = {A(fc)} X {w} 

Recall that \{k) = (1 -|- 2“^^)“^. We also dehne 
= {A(fc)} X |R*a;0 G Z, |z| < 


where R denotes a rotation by 2“'’. Note that the above set reduces 
to = {A(A:)} X {cj} if fc -|- 8 > r. These multiscale constructions, 
corresponding to large families of frames, are needed in the case 2^ < T; 
in the case T < 2^, single frames suffice. 

For K G /Cfc+10, we set Afc,«, := Ak,u{K) and := 
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Using these sets, we define 

1101 


Y'' J 2 T oo — 

te 

eeAk 


int 5^ ll-Aelli-^i- 


ll^ll 




inf 




ll^elLui 




We are ready to state the main result containing an effective replace¬ 
ment structure for the missing endpoint Strichartz estimates. 

Theorem 2.1. Let r > 0 and T G (0,2^]. 

i) For all k < 99, a; G and f G L^(R^) with supp(/) C A<k, 

,it{D) 


( 2 . 2 ) 




L2, 


where the implicit constant does not depend on r and T. 

ii) For all k > 100, k G /Cfc+io? o,nd f G L^(R^) with supp(/) C Ak^,, 


(2.3) 


(2.4) 



< 

rsj 


L2, 


where the implicit constants do not depend on r and T. 

iii) For all k > 100, 1 < I < k, Ki E ICi and f G L^(R^) with 
supp(/) C 

(2.5) <2~||/| 

where the implicit constant does not depend on r and T. 


L 2 . 


The estimate fl2.2p is similar in nature to the corresponding estimate 
in [21 Lemma 3.4]. We highlight the similarities and the differences. 
By changing the variables and using that |A| < 1 one passes from the 
frames used in [2l Lemma 3.4] to the ones used in this paper. We do not 
need to discriminate between the low frequencies and in this sense the 
estimate as listed here is suboptimal; one could easily restate it with a 
factor of 22 for functions that are localized at frequency ^ 2^, k < 99. 
The range of admissible A is more carefully tracked here and this is 
why our version of A differs from the one used in [21 Lemma 3.4]. 

The rest of this subsection is devoted to the proof of Theorem 12.11 
In order to prove fl2.2p we consider the kernel 

K<t(t,x)^ [ e“ V‘<Oy<s(kl)<i?. 


(2.6) 
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for k < 99. The key estimates about this kernel are: 

(2.7) \K<t{t,x)\<{t)-\ 

( 2 . 8 ) <N {x)-'', \x\ >—=^==\t\. 

Indeed, (12.71) is the standard decay rate for the Schrodinger kernel in 
dimension 2 , which applies here because we truncate at low frequencies. 
( 12 . 8 j) is obtained by using stationary phase type arguments, taking into 
account that the critical points of the phase function = x ■^ +1{^) 
are contained inside the cone \x\ < , ^ =|t|. 

' ' “ ^l+2-2fc-2 ' ' 

For any (u G we obtain the bound 

\l[_T,T]K<k{t,x)\ <N ^ Ke{t,x), Ke{t,x) 

©6Afc,„ 

This is obvious from (12.81) in the region of fast decay, and for hxed 
{t, x) in the region of slow decay we count the number of 0 such that 
I tel < 1: If |t| < 1, every 0 G satishes this, so the sum is of the 
size 1 which is ok in view of (12.71) . In the case |t| S> 1, the number 
of such 0 is ~ so the sum is of size which is again hne 

because of ( 12 .7p . 

From the expression of 7F© we derive 

(2.9) ^ < 1- 

This suffices to prove ( 12 . 2 p . Indeed, by the TT* argument and the 
duality: 

( n ilUe)*= E 

©GAfc,„ ©eAfc,„ 

the problem is reduced to proving || l\^_T;T]K<k\\ 1 , which 

follows from (12.91) . A more complete formalization of this type of ar¬ 
gument can be found in [2]. 

We continue the more delicate part of the argument, that is the 
analysis in high frequency with the aim of proving (12.31) . (12.4p and 
(12.51) . For k E Z,k > 100 we dehne 

(2.10) Kk{t,x)= f 

./r2 

and record the decay estimate 

( 2 . 11 ) |W,(t,a;)|< 22 ^( 1 + 2 ^|(t,a;)|)-^min(l,(l + 2 '=|(t,a;)|)-i 2 ^)). 
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This estimate appears in many places in literature, see for instance [T 8 ] . 
We provided a self-contained proof in [T] for dimension 3 which can be 
replicated almost verbatim for dimension 2 to give fl 2 . 1 ip . 

We define localized versions of the above kernel. For fixed I > 1 and 
K E 1C I we define: 

( 2 . 12 ) 

Kk,K. is the part of Kk localized in the angular cap a. Also, we dehne 

(2.13) KiJt,x)= [ e“V“<Oa,(2-‘|^|),w.(?)rff. 

where (ctj) is a smooth partition of unity with supp aj C {(j —1)2“^° < 
1^1 < (j + 1)2“^°}. Obviously, we have 

2^2 + 1 

(2.14) Kk,^{t,x)= 

i=2l8-l 

The important decay properties of and ^ are recorded in the 
following Proposition. 

Proposition 2.2. For all k E 7^, k > 100, and k G /Cfc+io? 

(2.15) |iFfc,,,(t,a;)| <2'=(l + 2-'=|(t,a;)|)-^ 

In addition, for N = 1,2, we have the following: 

(2.16) < 2^1 + 14.1 

where ■ For 2 ^® - 1 < j < 2^2 + 

(2.17) I4.(^>^)l ^2^(l + 2l4,J)"^*/l4,J >2-^^-®|t|, 

where Al = 1/Wl -|- 2“2fc+40j-2 ^ . 

We remark that fl2.16p - fl2.17p hold with any N E N, but as stated it 
suffices for our purposes. Ideally one would like to have the estimate 
fl2.17p for Kk,K is a similar form to fl2.16p and skip the cumbersome 
Kl ^ kernels. While available, such a formulation is not able to provide 
a strong exponent as above, see the factor in fl2.17p . and this 

would impact a key property of the set k- 

We now show how fl2.3p follows from the above result. Fix j G 
[ 2 ^® — 1 , 222 _|_ xj Pi ^ and define 

AJ . = I A- m 6 2-^‘-’-”Zn|(j-l)2‘-”, (j+l)2'=-“|| x{i.,(k)} 

I- yl -|- m~^ ■> 
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We first make a few observations. The cardinality of each A;[ ^ is 
2 r-fc+ 2 o ^ 2~^T. This complicated construction is needed only for 
a certain range of frequencies: 2^ < T k, 2''. If fc > r + 20, then we 
simply use a single set 

^kK = { , ^ =1 X 

and the arguments below simplify considerably: the claim fl2.18l) follows 
from Proposition 12.21 and the rest of the argument is identical. 

Thus we focus below on the case k < r + 2Q. For each 0 G A-^ ^ we 
dehne 

Ke{kx) = 2^’^T-\l + 2^\te\)-^ 

and claim that 


(2.18) 


Since 




E 

© 6 ^ 1 . 


\K. 


e 


/■ 1 To 


< 


\K 


k,K I 


sup 

SeAi 


\Ke 


r 1 T CO 


< 


2-kT 


(^krp — lQ — k 


< 1 . 


k,K 


we conclude with 


\\i<l 


fe.K II 


r 1 r oo 

K,K 


< 1 . 


By noting that A^^^ = UjA;^ using fl2.14p and the fact that j runs in 
a hnite set, we obtain 


\K, 


kMlT,. 


r 1 r oo 

*e 


< 1 . 


which implies fl2.3p by a TT* argument similar to the one we used in 
the proof of fl2.2p . 

We continue with the argument for fl2.18p . We start with a few 
observations, which in fact were the basis for the construction of the 
set K,k- 

PI: If \t^j J < a;)| then there exists & e Ai ^ such that 

|te|<2-"+A'’ 

P2: If ^1 > 2-2^-2|(t,x)| then \t^j ^| > l^el, for all 0 G Ai . 

K ’ fc ’ ’ 

Asahrstcase, let {t,x) be such that a;)|. From PI 

it follows that for each such {t, x) we estimate the number of 0 G A;[ ^ 
such that l^el < 2“^+^. If 0o = (Ao,C(;) is such a value, then any other 
such 0 = (A,a;) should satisfy |(A — Ao)t| < 2“^+^. There are two 
subcases to consider next: 
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If |t| < 2^, then since all 0 = (A,Ci;) G satisfy |A — Ao| < 2 
it follows that |(A — Ao)t| < 2 “*^+®, hence the number of such 0 is 
= 2“^T. Thus the sum on the right of fl2.18p is estimated by 
IA^^kI • = 2 ^ and this is the bound we have for the kernel Kk,K.- 

If |t| > 2^, we use that the discretization in A;^ ^ is at scale 

it follows that the number of such A is given by ~ 2 -^t-^ ~ t~^T. The 
sum on the right of fl2.18p is then > = 2‘^H~^ which is 

precisely the bound we have for the kernel 

Next we consider the second case where \tk,K\ > a;)|. We use 

P2 : 14,.I > Itel, for all 0 G Thus (l + 2"|te|)-' > (1 + 2'=|4,.|)-' 
and the right hand side of fl2.18p is > |A;^ ■ (1 + 2 *^| 4 ,.|)“^ = 

2^(1 _|_ 2^|4 ,.|)“2 and this is the bound we have on Ki ^ from fl2.17p . 
This hnishes the proof of fl2.3l) . 

A similar argument using fl2.16p proves fl2.4p . Note that the con¬ 
struction of the set Qk,K was designed precisely to £t the corresponding 
PI and P2 in this context: the angles considered in flk,K cover a neigh¬ 
borhood of u(k) size 2 “^“® which is double the size of the slow decay 
neighborhood described by (12.161) . 

Next we show how (12.51) follows from ( 12 .3p . Since there are ~ 2^~^ 
caps A G /Cfc such that P^f 7 ^ 0, we obtain from (12.3p 


51 l|l[-T,T|(()e“<”>A/ll 




E r 2 r 00 


\KGK.k 


2^ I E II A/II!i ) < 2 


k—l I 

2 \lT\lL2. 


We end this section with the proof of fl2.5p . 


Proof of Proposition \2.S[ The following proof is very similar to [T]. We 
begin with the proof of fl2.15p . If |(t,a;)| < 2^ the claim follows from 
the fact that the domain of integration has measure ~ 2^*^“^ 2^, 

otherwise the estimate follows from fl2.11l) and Young’s inequality. 

Next, we turn to the proof of fl2.17p . For compactness of notation, 
we write A = Al and 0 = 0_,^j By rescaling it suffices to consider 

A,.(*>.!/)■= f 
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for 0(0 = «j(IO)x?(IO)^^c(0, and to prove 

(2.19) \BlSs,y)\ <N 2-\l + Oel)-^ if Oel > 2-^^-S|5| 

for = 1,2. If |s©| < 1, the estimate follows from the fact that 
the support of (j has measure ~ 2“^. Now, we assume |s©| S> 1 and 
write ())(s,i/,0 = V ■ ^ + s(0fc Dehne = u ■ V^, := and 

■ Integration by parts implies 

(2.20) / / o^^*’"’«0rf;.j^o(O)^o 

Jm? Jm? 

We will prove 

(2.21) l(c^;,j"^(0)(OI<NOe|-^ iV = l,2, 

so that (12.1911 follows from (I2.2n|l and (I2.2ip . Indeed, we observe that 


^a; 0 (s,I/,O = + S 







and in the domain of integration we have 


Oo; 

< 

1 

( 0 . '■ 


yi+ 2 -“ki-^ 


+ 


< 2 " 


+ 2 - 


< 2 ' 


cos(Z(0n;)) - 1 


where we use that (j - 1)2-2° < |^| < - ^ ^^ 2 - 2 ° and |Z(^,a;))| < 

2 -fc-io 'ppjg implies 

|5a;0(s,|/,OI > ke| - \s\2~‘^^~^ > 2-^|s0|. 


In particular it follows that 

( 2 . 22 ) |M| ;S ke 


where we used that |c?ajCI 0 1. In addition, we have 


alm = d^{s^) 


_ ((n.02 \ ^ ^ 0 _ .^-02^ 

( 0 (c iOl J (oA 00 . V 


from which, using the above arguments, we conclude that in the domain 
of integration we have \d^(j)\ < 2-2*^151. This allows us to estimate 



< 

r\j 


s© 


-1 
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From this and (12.221) we obtain (I2.19p for iV = 1. Now let iV = 2 and 
compnte 

iV = F, (J_Pl A_\ = 

{d^<py (d»^0)3 (d»^0)4 

We compnte 

Sl<t> = - F ■ Oioi) = o(2-“)|s|. 

Recalling that > ||s 0 | > 2-"^^, \dl4>\ < 2"2*^ and I^^CI 1 we 
conclnde that 


IK,.x)^| < ke|-^ + 2-2^|.e|-=* + 2-^1.e|-^ < kel"^- 

This hnishes the proof of fl 2 . 2 ip and, in tnrn, the proof of fl2.17p . 

It remains to prove 02.161) . We reset the dehnition of 0 to 0 = 
0 A(fc),a;(K)- As above, by rescaling it snffices to prove 

(2.23) \BUs,y)\ <N 2-^{l + 2-^\yl\)-^ if \yl\ > 2-’^-%s,y)\ 

ioT N = 1, 2, where we recall that y^ = y-u^. If ll/el ^ 2^, the estimate 
follows from the fact that the size of the snpport of integration is < 2~^. 

We now consider the case \yQ\ S> 2^. By replacing uj with in the 
above argnment (see 02 . 20 p ). we obtain 

(2.24) [ = f 

Jm.2 Jr2 

As above, we claim 

(2.25) |(ci;^x)^(0(OI <V ( 2 -I 2 /II) , iV = l,2. 

Since the snpport of ( has measnre ~ 2“^, 02.23P follows from 02.24p 
and (12251). 

We conclnde the proof with the argnment for 02.251) . If ^ in the 
snpport of C then 


^ = (1 - Ci)uj + C2UJ^, |ci| < 2-2^-18, |c 2 | < 


and 




- A| < 2 


-2k+4 


We compnte 


d^±(j) = Lj^ ■{y + s-|-) =yl + CasA + C 2 s(^ - A). 

[Uk 
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We have {i/qI > 2 ^ ®|s| > 2|c2sA|, as well as {i/qI > 2 ^ ®|(?/,s)| S> 
|c 2 s(-^ “ '^)l- From these we conclude 

(2.26) \d^^<P\ > \yl\ » 2"= 
and, using \d^±C\<2^, 

(2.27) ||£ii|<2'-'|y||-'. 

In addition, we have 






= s 


Ul ■ Ul 




(Ofc 2 V (Ofc 

within the support of ( and we conclude 

1 \, |s| ^ |s| 




= s(l + 0(2-'=)) 


\d. 


< 

rsj 


< 




From this and fl2.27l) we obtain fl2.25l) for N = 1. Now we consider the 
case N = 2 and compute 


Further, 


^C = 


d\C 

gj-*- ^ 


^ {d^.<py ■ 


-0^ - •O(Ofc) = sO{2 ^). 

From fl2.26p and |c?^x0| < |s| and |5^xCI 2^^ it follows that 

< ‘2Ver + 2ll/||-=^ + 2-^\yl\-^ + {yl^ < 

which completes the proof of fl2.25p for N = 2. 


2 1-2 
el 5 


□ 


2.2. Energy estimates in the (A,a;) frames. Next, we prove energy 
estimates similar to [H Subsection 2.2], but there will be important 
differences which we will point out below. At the end of the notation 
section we have introduced frames adapted to a pair (A,a;) with A G M 
and a; G and the new coordinates fe, xe. We denote by (re, ^e) the 
corresponding Fourier variables which are given by 

ft|=(eA,„ eC eo,x)(6 

a/ \?2 

We also introduce here a fourth vector 0“ = Q\-u) for reasons which 
will become apparent in the proof of the Theorem below. In the fol¬ 
lowing theorem we set Bk,K = B^n- 
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Theorem 2.3. a) Let 99 < m = min(j, fc), 0 < / < m +10 and n E JCi. 
Let 0 = Assume a = d(a;, a) satisfies 2“^“^ < o < 

for I < m + 9 and a < for I = m + 19; if j = 99 then we consider 
only the last case. Define a = max(a, 2“™). 

i) // / G L'^iMf) has the property that f is supported in Ak^n, the 
following holds true 

( 2 . 28 ) < ||/|U>. 

provided that I <m — 19 or / = m + 10 A |j — /c| >10, and 

(2.29) l2 < II/IIlA / < m + 9. 

ii) Consider the inhomogeneous eguation 

(2.30) [idt + {D))u = g, u(9) = 9, 

where g is assumed to be supported in the set If g & LIqI^^q! then 
the solution u satisfies the estimate 


(2.31) 


II ~ 




provided that I <m — 19 or Z = m + 10 A |j — /c| >10. 

If g E L ^2 .^ 2 ^^ then the solution u satisfies the estimate 


(2.32) 


"e 


1 , " 11 ^ 11 ^ 12^2 1 , , l<m + 9. 


iii) Under the hypothesis of Part ii) when g E Ll^L‘1^ the solution u 
can he written as 


(2.33) 


u 


(t) = e'-^^^'^vo + / Us{t)xte>sds 


where Ugit) = (homogeneous solution in the original coordi¬ 

nates) and 


/ OO 

pshids < a'ic/ILi l2 • 

-OO 

In addition Vg and vq are supported in Ak^n- 

A similar statement holds true when q E L^ 2 Lj, i. . 


A few remarks are in place about the statement of the above theorem. 
First, the statement (12.291) and the corresponding ones in part ii) and 
iii) hold true for all a with 2 “^“^ < o < 2 ^“^, in the sense that we do not 
need to restrict to Z < m + 9. The reason we did so in the statement 
is for the sake of conciseness. Nevertheless the statement fl2.28p for 
Z = m + 10 does not require angular separation, thus covering the 
ranges skipped by the way we state fl2.29p . 
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What is important to note is that (12.281) fails somewhere in the range 
m — 9</<m + 9in the sense that the energy estimates in the given 
frames ’’blow-up” and become useless. This is precisely the region 
where we need to use the estimates fl2.29p . 

A careful reading reveals that in the case \j — k\ <9, and / = m-|- 10 
we did not provide any estimates. As noted above, one can continue 
estimates of type fl2.29p and fl2.32p for / > m -|- 10, but these will not 
be helpful for our purposes. 


Proof, i) Proof of fl2.28p . We start with an almost verbatim repetition 
from [H Proof of Theorem 2.4]: The space-time Fourier of w{t,x) = 
e**{^>/(a:) is given by the distribution Tw = fda where da{T,^) = 
is comparable with the standard measure on the surface 

T = -|- 1. We change the variables —)■ and rewrite 

fda = thus 

(2.35) <(l + l|Vh|U^)^||/|U. 

where the L°° norms is taken on the support of F. 

We now work out the details. The equation of the characteristic 
surface r = -|- 1 can be rewritten as — 1 = 0. In the new 

frame this takes the form 

-1 = 0 . 

We solve this equation for r©, hence we rewrite it as follows 

_ 1 A\ 1 _ \2 

(2.36) ^(re)^ - - l^lt -1 = 0. 

The solutions of this quadratic equation are given by 


(2.37) re = h^{fe) 


2xee ± + (A^ - i)(iaF+T) 

A2 - 1 


We will identify which one of the two solutions is the correct one. The 
positivity of the discriminant A© = (A^ -|- 1 )^(^ 0 )^ -|- (A^ — l)(|^ 0 p + 1) 
is implicit, as we know a priori that fl2.36p has at least one solution. We 
will come back shortly to these issues. We continue with the following 
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computation: 

dh^ 1 


aa A 2 - 1 


(2A + 


(A^ + 


-(2A + 


±v(A^ + iPKi.)" + (A*-i)(iap + i)' 


0 


A2_i-'- ■ (a 2 _ 1)^-0 - 2Ae' 

2 Are + (A^ — 1 ),^q _ ^ 0 - 

(A2 - l)re - 2A^^ r©- 


£^2 

In a similar manner we obtain = (A"^ +1)-^, from which, using 

(12351), it follows 

(2.38) < 1 i+ sup ^^ I ||/||i 2 . 


Ir©- 


To hnish the argument we need a lower bound for |t©-|. We provide 
below lower bounds for A© and r©- for (r,^) G as these more 

general bounds are needed in Part ii). 

We need to consider a few cases: j < k — 10, \j — k\ < 9 and 
j > k + 10. Since the computations are entirely similar, we will deal 
with j < A: — 10 in detail. Here we have to consider two more cases: 
/ < j — 10 and I = j + 10 . 

Case 1: / < j — 10. For (r, G B^^k. h holds that r — = 

e{T,^) with |e(r, .^)| < hence 

r©- =Ar — ^ ■ 00 = A-\/|^P + 1 + Ae - ^ • a; 

=1^1 ^(A - i)\/i + + v^i + -1 +1 - 

We have the following: |(1 - A)^l + |^|-2| < 2(1 - A) < 2-^^+^ < 
2-21-12 y g 1^1 + |^|-2 - 1| < 2-2t-12 < 2-2;-20^ 2-2'-® < 

1 — ^ A 2-2'+® and |^| < 2-2'-®. From these we conclude that 
2 k- 2 i-io ^ ^ 2 '=- 2 ^+i®; thus we conclude that r©- 2'^a‘^ and 

E 0 - > 2 ''- 2 ®a 2 . 

In particular, using fl2.38p we obtain fl2.28p . Since the solutions in 
fl2.37p can be recast in the form r©- = ±\/A© and we just proved that 
r©- > 0 in Hfc.K, it follows that the solutions h+ in fl2.37l) correspond 
to the choice of the surface r = -y/I^P + 1 . 

We now continue with the more general bounds for A© in the set 
Since |r- (0I < 2'=-2'-io, it follows that |r2 - |^|2 - 1 | < 22 ^- 2 '-® 
or equivalently, — |^|2 — 1 = e(r,with |e(r,^)| < 22''-2'-®. We 
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rewrite the equation in characteristic coordinates as above, to obtain 

r|_ = Ae + (1 - A^)6 

We have already shown that r©- > and since |(1 — A^)e| < 

22 fc- 2 i- 8 |^ - A| < < 22^-^'-23, it follows that Aq > 

22fc-4i-22 ^ 2^^a^ in Bk,^- A similar argument proves Ae in 

Bk^K- 

Case 2: / = j + 10 . For (r, G -Bfc,K it holds that r — \/\^\^ + 1 = 
e(r,0 with |e(r,OI < 2 ^- 2 t- 20 , hence 

Te- =Ar -i-uj = Aa/I^P + 1 + Ae - ^ • a; 

= 1^1 ^(A - + 1^1“^ + v^l + 1^1“^ - 1 + 1 - 

We have the following: (1 — A)^l + |.^|“^ > 1 — A > 2“^t-8 (^gjnce 
A e A,), lyiT^- 1 | < 2-2^-i2, |1 - Ifl < 2-2^-i2 and |A| < 

2 - 2 i-i 2 _ From these we conclude that —tq- ~ also that 

-Te- > 2^-2t-io. 

In particular, using fl2.38p we obtain fl2.28p . Since the solutions in 
fl2.37p can be recast in the form r©- = Aa/A© and we just proved that 
r©- < 0 in Bk,Ki h follows that the solutions h~ in fl2.37|) correspond 
to the choice of the surface r = + 1. 

We now continue with the more general bounds for A© in the set 
Bk,K- Since |r — (01 A hence |r^ — |0^ — 1| < 2^^“^-^“^® or 

equivalently, O —10^ —1 = e(r,0 with |e(r,OI A We rewrite 

the equation in characteristic coordinates as above, to obtain 

r|_ = A© + (1 - A06 

We have already shown that r©- > and since |(1 — A^)e| < 

22 ^- 2 i- 26 |i - A| < 22 fc- 2 i- 262 - 2 i +5 ^ it follows that A© > 

22 A:- 2 j- 2 i Bk^n- A similar argument proves A© 2 ^^q:^ in Bk^^- 
Although we decided to leave out the details of this argument in the 
cases \i — k\ <9 and j > A: + 10, we would like to point out a simple 
fact. If j = A:, ^ = 2 ^ 0 ; and e = 0, we obtain r©- = 0. This highlights 
the reason why we cannot cover the case / = m + 10 when |j — A:| < 9. 

Proof of fl2.29p . We start as in the proof of fl2.28p but with the 
goal of writing fda = F6^^^k{Te,^l,)- gives the bound 

(2.39) \\F\\,. , <(l + l|Vh|U.)i|l/|U. 

^e.«e 

where the L°° norm of Vh is taken on the support of F. 
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We use the equation of the characteristic surface in the form (12.361) 
and solve this equation for 


(2.40) 


el = A±(Te,e4) 


± 



where A© = ]^(Are - - 

dh^ _ 1 (A2 - 

dre A^ + 1 

In a similar manner we obtain 
fl2.39p . it follows 


^(re + A^4)2-l. Now, 

l)re - 2A^4 _ 1 ^0- 

a A^ + Ul 

= (A^ + 1)^-, from which, using 


(2.41) 


oit{D) 


f\h 


30 J ^2 

rli 


< 

r\j 


( 1 + sup 



1 

2 



To hnish the argument we use |.^|)| = k, 2^ ■ a. As before, a 

direct computation shows that in the set we have l.^©! k, 2^ - a and 
A© (2^ • a)^. 

ii) and iii) The proofs of these estimates are entirely similar to the 
corresponding ones in jl]. The basic idea is that once the linear phe¬ 
nomenology is unraveled by fl2.28p and fl2.29p . obtaining the energy 
type estimates is done in a similar manner: change the coordinates 
and estimate all quantities taking into account the localization in 
Note that in part i) we upgraded some of our estimates to Bk,K- D 


3. Reduction and Null structure of the cubic Dirac 

The cubic Dirac equation fll.2l) has a linear part with matrix coef- 
hcients. Below, we rewrite fll.2p as a new system which has two half 
Klein-Gordon equations as linear parts, see fl3.3p below, and we identify 
a null-structure in the nonlinearity, similarly to the ideas for the Dirac- 
Klein-Gordon system presented in [6l Section 2 and 3] and adapted 
to the Gubic Dirac equation in dimension n = 2 in [19]. However, in 
contrast to the above mentioned papers, we keep the mass term inside 
the linear operator. The setup here is the two-dimensional equivalent 
of [H Section 3] and we repeat the most important aspects. 

Multiplying the cubic Dirac equation from the left with y*’, we obtain 

(3.1) — z((?t-F a ■ V-h i/5)'0 = ('0,/9'0)/9'0- 

where (3 = and and a • V = aWj. The new matrices 

satisfy 

(3.2) = 25 ^^ h , 


(3 + I3a^ = 0. 
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Following |6] we decompose the spinor field relative to a basis of the 
operator a-V + i(3 with symbol a-^ + j3. Since {a-^-\-j3Y = (|.^p + l)/, 
the eigenvalues are ±(0- We introduce the projections n±(Zi)) with 
symbol 

n ±(0 = ^[/T-^(e-« + /3)]. 

As in |1], we slightly deviate from [6l formula (5)] by switching the sign 
in n± for internal consistency purposes. The key identity is 


-i{a ■ V + */?) = (D)(n_(D) - n+(D)) 

where {D) has symbol a/|^P + 1. The following identity, which can 
be verified easily at the level of the symbols, will be important in our 
computations: 

n±(r>),3 = ,3(n^(D) T ^). 

We then define = II±{D)%Ij and split -0 = + '0_. By apply¬ 

ing the operators n±(Zi)) to the cubic Dirac equation we obtain the 
following system of equations 


{id, + (D))V^+ = -n+(D)((i/;,/3i^)/?i^) 
{id, - {D))i/i_ = -U4D){{i/j,(]i/j)f3i/j). 


This system will replace (11.21) as the object of our research for the rest 
of the paper. It is obvious from the form of the operators n± that 
llt/’llx ~ IIV’+II X + 11 "0-1 lx for many reasonable function spaces X. In 
particular we use it for X = H^{M.‘^) so that we conclude that the 
initial data for fl3.3p satisfies i/’±(0) G 

To reveal the null structure, we start with ('0,/3'0) which, in our 
decomposition, is rewritten as 

= {n+{D)ii+,(3n+{D)iii+) + (n_(D)i^_,/?n.(D))i^_) 


Next we analyze the symbols of the bilinear operators above. 


Lemma 3.1. The following holds true 

n±(on^(r/) = o(z(e, v)) + o{{0-^ + 
n±(on±(p) = (9(z(-e, v)) + o{{0-^ + (h)"') 

Proofs of this result can be found [6] or [19] modulo the fact that the 
operators n± there do not include the fd factor; but this is accounted 
by the additional factor of -|- ( 17 )“^) in the estimate above, 

see also [H Lemma 3.1] for the three-dimensional case. For a detailed 
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explanation why the above result plays the role of a null structure we 
refer the reader to [H Section 3]. 


4. Function Spaces 


Based on the estimates developed in Section [2] we now dehne the 
function spaces in which we will perform the Picard iteration for fl3.3p . 
The construction here is a significant refinement of [H Section 4]. Some 
of the similarities to the function spaces used in the wave map problem 
pTl 1241 [26] are highlighted by using a similar notation. 

For 1 < p < oo we dehne 

ll/lli4(o) = ll/IUr-^i + ( sup 

^ ( 0)62 

where the supremum is taken over the set Z of all increasing sequences. 

For the following, we consider a hxed r G N (which is implicit in the 
dehnition, cf. Subsection 12. ip . 

For low frequencies, that is for k < 99, we dehne 


-.± — 


V: 


2 ^^^ + sup 


±(D> 


E. 




r ^ r oo . 


For the high frequencies, that is fc > 100, the norm has a multiscale 
structure. We recall the notation convention that Aj ^i = and 

similarly for Given I < k + 10, k E JCi and j > 89, we dehne 

structures S'^[k,K,j]. 

If 89 < j = Z — 10 < /c — 10 or Z = + 10 A j > /c + 10, let 

\\f\\s±[k,K,j]= sup sup 2 “'||/||i^i 2 ^. 

kisKj+io: *e 

d(K,Ki)<2-*+3 


If max(90, Z — 9) < min(j, k) < I + 9, let 


\\f\\s±[k,K,j]= sup sup 2 2 ||/||p^c^^^p ^2 

2-*-3<d(«;,fti)<2-*+3 

If max(90, Z + 10) < min(j, k), let 




\\f\\sHk,K,j] = sup 

2-Z-3<d(«:,fti)<2-^+3 


sup 2 '||/||p^»i 2 ^ 

*e 


Then for k E JCi we dehne the cap localized structure as 


ll/lls±[fcA] - ll/IUrij + ll/lls±[fcAj]- 

max(89,/—10)<j» 
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We define the endpoint structure 


END 


± = 




K€/Cfc_|_10 
4 


r 2 r oo 

^k,K (t,D)Q 




k,K t 


0 -^e 


Next, for some | < p < | (any p in this range will work, see Section 


ED we define 


E II^TII 




1/2 

'^±(D) 


+ 2 ^p ^)^sup 2 ”^||Q^/||iPi 2 


+ WIIIeND^ + sup ( ^ \\Q^k-2lPJ\\hlk; 


l<l<k+10 


KGfCi 


Remark 1. If /i > I 2 , we have that for each ki G JCi^ the number of 
^2 € K^i 2 with Ki n A 2 7 ^ 0 is uniformly bounded. As a consequence, 
essential parts of this norm are square-summable with respect to caps: 
For later purposes, we note that for I < I', 


E ;S E IT-'/ll 


V: 


±(n} 


and, for all 1 < / -< fc, 

E II^TII 

kGKi 

Similarly, we have 

E { E 2-''IT-'-P-/ll|; 


2 < 


+ II-Pk'-Pk/IIj]^ L2 ^L° 


k'gK.1 «^G/Cfc+io 


^k,K, a?0 (£,xl)0 


^k,K t 


< E 2-‘iT./iiE +iT^/iiF 

^^k,K a:2 (t,x^)Q ^^k,K 

KS/Cfe+lo ^ H W 

For this reason we introduce the norm 


e -^e 


END^- 


PS± - 


1/2 

'"±(i3) 


end; 


E IIE/lli 

which has now the property that for any 1 < / < A: + 10 

(4.1) EiiE/i'" 

kGKi 

For any \l — I'\ < 10, we also have 

E EII^«'«E2TTII|±[m 


+ 


P5±- 
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where we use Part i) of Lemma 14.11 below. 

The space 5'^’°' corresponding to regularity at the level of is 

the complete subspace of L°°(R, defined by the norm 

Isi,. = \\P<mf\\sg + ( E 2'‘"lln/li; 


|2 ' 2 
::'± 


fc>90 


Recall from Subsection 12.11 that this construction is useful up to time 
2’’, so for any closed interval / C (—2^, 2^) we dehne the space 
of all functions on I which have extensions to functions in with 
norm 

||/|| 5 ±..(r) = ^inf_^{||F|| 5 ±,.:F|, = /}. 

Note that the space Sp'^{I) := fl C(/, is a closed 

subspace of 

Now we construct the space for the nonlinearity. For 1 < q < oo, 
6 G M, we dehne 

ll/ILv«. = ll(2‘"IIQt/IU4„alU„ 

For the low frequency part of the nonlinearity we dehne 


^ 0 * “ + WfsWj \ + WfW^Li- 


Let (Nq)* denote the dual of Nq and let be endowed with the 
norm 


(4.2) 


- IIJ WLf^Ll + \\J 


Then, we observe that for k < 99, 

(4.3) C { N^r C ^0"=’" 

Next, let k > 100. For 1 < / < A; + 10 we consider k E Ki and 
consider the following types of atoms: 

A1 : If89<j = / — 10<A: — 10or/ = fc + 10Aj>fc + 10, functions 
/e with 


2ll/e|| 


LRI, 2 ^ 

*e 


= L 


where 0 G and Ki G JCj+io with d(Ki, k) < 2 

A2 : If max(90 ,1 — 9) < min(j, k) < I + 9, functions /e with 

2 ^II/ 0 ||li,^l 2 = 1 , 

^ 2 .± (t,^l)± 


where 0 G ^j,Ki and Ai G K.j +10 with 2 ^ ^ < d(Ai, k) < 2 


)—z+s 





THE CUBIC DIRAC EQUATION 


25 


A3 : If max(90 ,1 + 10) < j < niin(j, k), functions /e with 


2ll/e|| 


T 1 t2 


= 1 , 


where 0 G ^j,Ki and Ki G )Cj+io with 2 ^ < 2 ^ d(Ai, k) < 2 ^. 


We then dehne, in the standard way, N^[k, k] to be the atomic space 
based on the above atoms. 

Now, similarly to [I], we dehne the following atomic structure 


N? 


(4.4) 


inf 

/=/l+/2+I2l<i<fc+10 9l 


II /l II 


+ II/ 2 ||l 1 l 2 


i \\Pi^9i\\'N±[k,H 


l<i<fc +10 k&Ki 


where the atoms gi in the above decomposition are assumed to be 
localized at frequency 2^ and modulation more precisely that 

Q ^k-2i^kgi = gi- 

The third component in i.e. the X]i<z<fc+io S'u will henceforth 

be called the cap-localized structure. The atoms gi are localized in 
frequency and modulation, while when they are measured in k] 

the atoms ae in the decomposition gi = Yhe ^0 nre not assumed to 
keep that localization. However, by applying the operator Qt^k_ 2 iPk,K 
to the decomposition and using [U Lemma 4.1 i)] (which holds true in 
dimension 2 verbatim) one obtains a new decomposition with similar 
norm. From now on our convention is that we assume that the atoms ae 
in the atomic decomposition have the correct frequency and modulation 
localization. 

Let (iV^’“*)* denote the dual of and be endowed with the 
norm 
(4.5) 


S±-“ — ||j|Ut“T| + ll/ll^±,T°° + 


l<Z<fc+10 


E \\Q%k-2,PJ\\W., 


kGICi 


Then, we record that 

(4.6) C C 

with continuous embeddings, i.e. 


-Tih,n 


< 


(^±,at) 


< 


Now we are in a position to dehne the space for dyadic pieces of the 
nonlinearity for high frequencies by setting 


N, 




^±,at+2^P ^^^ll/llLfL2- 
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The space for the nonlinearity at regularity is dehned via 

||/||a,±,. = l|/’<89/IUj.. + ( 5^ 2=‘"||Pj/||^±)’. 

fc>90 

Now we show why the above structures are relevant for the equations 
we study. We hrst note a technical result on boundedness properties 
of certain frequency and modulation localization operators. 

Lemma 4.1. i) For all k > 100 and m > 1, the operators are 
hounded on 

ii) For all k > 100,1 < / < A; + 10, k G fCi, and functions u localized 
at frequency 2^, we have 

(4.7) II (n±(Zl) - Ui{ 2 '^u{K))) PM\s < 2-^\\PM\s 
forSe{SlSp-}. 


Proof, i) We start with the boundedness of (5<m on the components 
of S^. The boundedness of (5<m ^±(d) standard, see e.g. [9l 

Cor. 2.18]. The boundedness of on the 


o(“ — 1)^ 

2^p ’ sup 2 


IIQw/IU?Li 


structure follows from the commutativity property ~ Q<mQm' 

and the boundedness of on the type spaces. 

Next, we notice that the kernel of Q^^^Pk belongs to under the 
hypothesis m > 1 and k G JCk+io- Using that P^Q^^n — 
implies the boundedness of on the 


K&ICk + lO 



(Ca:l)e 


+ \\PJ\\ 


E. 


LA L' 
*e ^ 


1 

2 


component of 5^. 

For the boundedness of on the S^[k, k] components we use an 
argument similar to the one used in |ll Lemma 4.1], part ii). S^[k, k] 
itself has several components and we will provide a complete argument 
for one of them; this will also serve as a template for the other ones. 
With K G /C/ for some 1 < / < fc + 10, it is enough to consider only the 
case m -<k — 2l. We £x the + sign choice, fix j with max(90, 1 + 10) < 
min(j, fc), consider Ki with 2~^~^ < d(6:, Ki) < 2“^+^ and 0 G 

The operator Qf^Pk,K, is a Fourier multiplier whose symbol 


am,fcA(uO = X<mir - (O)Xfc(O^K(O 
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satisfies \d^^am,k,K\ ^ The inverse Fourier transform of 

with respect to satishes 

\Ki,kAte,ie)\ <N for any iV e N. 

From this we obtain the uniform bound 


\\^l,k,K\\LlLf‘ ^ 1 - 

On the other hand we have 

= Ki^k,K *te 

where one performs convolution with respect to te variable only. From 
the above statements it follows that Q~^^Pk,K is bounded on 

Proving the bounds for Q<m components of is done in an 

entirely similar way. 

ii) The proof is similar to [H Lemma 4.1] and therefore omitted. □ 

We continue with a few preparatory results. In order to later deal 
with the structure, we show that the analogue of the fungibility 

estimate [22l formula (159)] holds in our spaces, more precisely 

Lemma 4.2. For all g = Pkg and any collection of disjoint 

intervals the estimate 

(4.8) 5^IICsllU<ll9llU 

' ■* k k 

V 

holds true, uniformly in k > 100. 


Proof. We proceed similarly to [22l pp. 176-178], the minor differences 
in the following proof are mostly due to the lack of scale invariance: 

It suffices to consider the -I— case. It is obvious for L)L^-atoms, so 
we are left with X^’“ 2 ’^-atoms and the cap-localized structure, 
a) ^■'■’“aO-atoms: We will prove 


(4.9) 




for Pkfi 
(4.10) 


fi- By dehnition, this follows from 




LlLl+X 


+,-4.1 ~ 




2 

L2, 


which we establish by proving 

(4.11) E ||Q^m(l/^Qm/l)||i2 < ||Qm/l||i2, 


V 

(4,12) IIO^.,.(l,,Q™/i)lliji| < 2-">||<3„/i|||,. 


V 
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The first one is trivial, since Qym is bounded in so we focus on 
fl4.12p : Let {J^) be the subcollection of all intervals in satisfying 
\Ju\ > 2 and {K^y) all remaining intervals. For the short intervals 
{K^), we obtain 




1/ 


Concerning the long intervals {Ju), we have 

-<m HQ 1 )(Q m /i)) 


and it is easily checked that 

|<5~ml[a,b](t)| , a[a,b],m{t) := 1 + 2™|f - a\ + 2™|t - b\. 

Let Jy = [ay, hy\. Because of their disjointness and \Jv\> 2“'”, we have 

Z < Y.(.l + 2'“|« - a„| + 2"‘\t - 6„|)-« < 1 (Af > 1). 

u u 

Fix N = 2. We conclude that 


5^ ll(Q~».CJ(<2™/i)lli.ii 






^QmflW 


LlLl 




< 2 " 




b) cap-localized structure: Consider = J2i<i<k+io9i satisfying 
Qt^k- 2 i^kgi = Qi- For fixed 1 < / < fc -|- 10, we write 

^uQi = Q^k-2iHi'9i) + Q~^k-2iH-ii^9i) 

By a similar argument as presented in [H Proof of Prop. 4.2, Part 1, 
Case c)] it follows that 

IIIIl(^ 2 IIFkS';IIA f+[fc,K]- 

For the hrst contribution, this implies 

f kGICi V 


'■ 1 . 


<2^‘-‘Eii^»ffliiif.:sEii^' 


K.9l\\N+[k,K\- 


k&Ki 


kGICi 
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For the second contribution we use Lemma 4.1 and the fact that 


V 

for any orthogonal frame (i/i,i/ 2 ) ^ due to Minkowski’s inequality 
to deduce that for hxed a G /C^ we have 

\\Qtik-2li^Ii'^i^9l)\\%+[k,K] ~ \\i^I^^ngi)\\‘N+[k,K] ~ \\^ii9l\\‘N+[k,K.]^ 

V V 

which we then sum up with respect to a G /C;. We obtain 

V 1<Z<A:-10 V 

+ \\Qt,k-2li^I^Pf^9l)\\N+[k,K]^ } 

U KGfCl 

^ E (Eii^-9'IIF[m)’' 

1<Z<A:+10 k&Ki 

and the proof is complete. □ 

Let Ip be any hxed Schwartz function and t/’r(‘) = 

Lemma 4.3. Fix any 1 < p <2. For all T > 0 we have 

sup 2^\\Q^{P2TPkf)\\^Li ^ sup 2 -||g^Pfc/|U .^2 
mez mez 

Consequently, there exists c > 0 such that for any closed interval I C 
(—2’’“^), we have 


(4.13) 


< c||0||h-(R2)- 


Proof. Let / = Pkf. Obviously, ||g<mi/’r||L“ < 1 and [QmfjT]it) = 
[Qt 2 "^iP]{^), hence 

WQmML^ <N tUt2^)-^ for any iV G N. 

We split 

Qmif^T f) gm[g<Cm(t/’r)/] P Qm[Q f] P f]- 

First, 


2’”||0„[0«„A7-)/lllifi| < IIO«„(V'T)llir2’”ll«™/IUfii' 


Second, 


2n\Qm[Q^n.{^pT)f]\\L^^Li < II (^t) ||l?2^ 


<THT2^)-^2^\\fU^L.<T-.-^ 


LTLl- 
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Third, 

2™'||(5m[Q>m('?/’T)/]||LPLi ^ 2™- ^ \\Qmi{'4’T)Qmi f\\ 

mi^m 

< 2"^ ^ \\Qmi{'lpT)\\L^\\QmJ\\qLl 

mi^m 

mi^m 

Concerning the second claim, we define the extension F = <p, 

where we choose V’ to be equal to 1 on (—1,1), to be supported in 
(—2, 2) and V’r defined as above with T = The estimate fol¬ 

lows from the first claim, the results from Section [2] and the fact that 
multiplication with smooth cutoffs is a bounded operation in V^. □ 

Proposition 4.4. i) For all g G and initial data uq G both 

localized at (spatial) frequency 2^ (in the sense that P^g = g^P^UQ = 
Uq), k> 100, the solution u of 

(4.14) {idt±{D))u = g, u{0) = uq, 

satisfies ipTU £ *5'^ for all 1 <T <2"^, and 

(4-15) \\f^Tu\\s± < ||^IU± + \\uo\\l2. 

a) A similar statement holds true for 90 < fc < 99. For all g G N^gg 
and initial data Uq G L^(M^), both localized at (spatial) frequency < 2®® 
(in the sense that P<s 9 g = g,P< 89 Uo = uq), the solution u of fl4.14l) 
satisfies f}TU G S'<gg for all 1 < 2’’, and 

(4-16) IIV’rM|U± ^ II^IIn± + II«o||l2. 

<.oy ^oy 

Proof, i) It suffices to consider the -1- case. Due to Lemmait suffices 
to consider uq = 0. Our first claim is that we have the following 
estimate: 

(4-17) ll'^llsjl'\EV_D+ + IIV'twII END+ ~ IlS'llvri 

where S'^ \ END)) contains all norm components of except the 
END^ one. The time cut-off in is needed to recoup the END^ struc¬ 
ture. Besides the component, the proof of (14.171) is analogous to 
the 3d case in |ll Prop. 4.2], which, in particular, implies the L“L^- 
bound. In what follows we provide the estimate for the part of 

dEZD. 

First, we follow the general strategy of [221 Prop. 5.4 and Lemma 
5.8] to prove the D^^-estimate on a fixed cap a G /C/ with I ■.= k + 10: 
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For any interval [a, h] the function 

w^{t) = Pf,u(t) - P^u{a) 

solves 

{idt ± {D))w^ = P^g, w^{a) = 0, 
hence we obtain, using the Lf^L^-bound, 

For any (t^) G Z, using fl4.8l) . we conclude 

U V 

^ \\Png\W+, 

k 

and hnally we take the supremum over Z. 

Second, we sum up the squares: By the estimate above, 

( Y1 ~ ( \\P^9\\%+) , 

hence it remains to prove 

(4.18) 

k€Ki 

uniformly in 1 < / < fc+10. By Minkowski’s inequality, this is obviously 
true for the Lf’P^-part of the A^^-norm, and also for the X~^~ 2 ’^ and 
LjP^-atoms in so it remains to prove it for the cap-localized 

structure. We observe that 

( E ( E (E 

KS/Cfc+io i<i'<fc+io K'e/c,/ 

:£ E ( E E 

i</'<fc-i-io k'g/C(; K,eK.k+io 

We now argue why fl4.18|) holds for the case when g is an atom in 
the cap localized structure. The only non-trivial case is when g^ = 
Q^k- 2 i'P k' g@ where k' G /C^/ and V < k + 10, while the information 
we have is control on Us'elli^i 1,2 or Us'elli^i 1,2 as described in Al 

‘e “"0 2;|, (t,a:l)0 

- A3 prior to the dehnition fl4.4p . Without restricting the generality 
of the argument, consider we have control of the hrst type. The key 
observation is that the operators PKQ^k- 21 'PK' are almost orthogonal 
with respect to a G /C; when acting on . One way to formalize this 
is through the identity PnQ^k- 21 'PK' = P{i^,ie)Pi^Q<k- 2 vPK' where 
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P{K,^e) are operators localizing the Fourier variable in almost dis¬ 
joint cap-type regions. This is a consequence of the transversality be¬ 
tween the direction 0 and the Fourier support of Q^k- 2 i'PK' ■ 

Taking advantage of this almost orthogonality, we obtain 


KS/Cfe_|_10 


< 


ll^ell 


L2 

0 ^0 




and this hnishes the proof of fl4.17|) . 

Next we show how we derive fl4.15l) using fl4.17|) . The problem en¬ 
countered by a direct argument is that i/'r does not commute well with 
the modulation localizations present in the S~^[k,K]. 'iIjtu solves the 
following equation: 

(4.19) {idt ± {D)){'iIjtu) = ipTg + 

with the initial data V’tm(O) = m( 0) = 0. Since we have 
ll#r“llLiL2 < ||m||i,-i,2 < ||m||5+ < lls'llwfe 
and from the proof of Lemma 14.21 we easily obtain 


(4-20) II^tc/|U+ < ||£/|U+- 

We can invoke again fl4.17p . this time for the equation fl4.19p . to obtain 

This concludes the proof of fl4.15p . 

ii) The proof of part ii) can be carried over in a similar but simpler 

4 

way, except for the case when g G A complete argument, including 

4 

the part, can be found in [21 Proposition 7.2]. □ 

Corollary 4.5. For any r G N, closed intervals I C (—2^“^, 2^“^), all 
uq G and g G there exists a unique solution u G 

of (I4.14p . and the following estimate holds true 

(4-21) ||-u||5±,<t(7) < + IIwoIIh'^- 

Proof. By dehnition of the spaces, it suffices to prove this for frequency 
localized functions which is provided by Proposition 14.41 above. □ 


Now, we conclude that we can control all non-endpoint Strichartz 
norms in our spaces, see also [ini HB 1211 [12] for other Strichartz type 
bounds. We rehne the argument from [22] in the sense that we include 
additional cap-localizations which give stronger bounds. 
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Corollary 4.6. Letp, q>2 such that {p, q) is a Schro dinger-admissible 
pair, i.e. 

r N / / N 1 1 1 , 2 

(P, ? 7 ^ (2, oo), - + - = and s = 1- - 
p q 2 q 

or a wave admissible pair, i.e. 

/ X / / N 2 1 1 , 2 1 

(P, ?) 7 ^ (4, oo), - + and s = 1 - 

p q 2 q P 


i) Then, we have 
(4.22) 


l|-PfcM||l,P(R;L|(R2)) < 2^^||PfcM||, 


ii) Moreover, we have 
(4.23) 


sup 

1<Z<A:+10 


kGK.1 


Proof. It suffices to prove ii). The estimate holds for PkPnU in the 
atomic space because it is true for free solutions, which follows 

from TT* argument and (12.111) . hence it holds for t/^-atoms. Now, 
by changing PuPkU on a set of measure zero, we may assume that 
u is right-continuous, hence the claim follows from \\PkPnu\\uJ^^^^ < 

||PfcPKM||y 2 , which holds for any p > 2, see |22l formula (189)], and 

[9l Section 2] for more details on these spaces. The claim follows from 
the dehnition of 11 • |L± and 


sup ^ 

i<i<k+io ~:z. 


E IIT/II 


'%oy 


which is obvious. 


□ 


Clearly, one can also interpolate the estimates provided by Corollary 
14.61 to obtain all Klein-Gordon admissible pairs (up to endpoints). 


5. Bilinear and trilinear estimates 

In this section we provide the crucial bilinear L^^-type estimates for 
functions in our spaces. For technical reasons, we also provide some 
trilinear estimates at the end of the section. 

We use the same convention as in [H Section 5] throughout the rest of 
the paper, namely that n’s denote scalar-valued functions m : R x —)■ 
C, while "^’s denote vector-valued functions -0 : RxR^ ^ C^. As before, 
a function / is said to be localized at frequency 2^ if / = P^f if A: > 90 
or / = P< 9 o/ if A; = 89. The hrst main result in this section is 
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Proposition 5.1. i) For all ki > 89 and ^2 > 100 with 10 < \ki — ^ 2 ! 
and xfjj G S^, localized at frequency 2^-’' for j = 1,2, the following holds 
true: 

(5.1) \\{U±{D)'ipi, II^2||5±.™ 

ki k2 


ii) If in addition I < min(fci, /C 2 ) + 10, then 


(5.2) 


E 

(n±(Zl)P,,,V'i,/9n±(F)P,,^/;2) 




< 


2 "'^ '||^/’l|l5± 11^2115 


In both fl5.ip and fl5.2l) the sign of each ±k, and n± is chosen to he 
consistent with the one of the corresponding S^. 

Hi) In the case \ki — ^21 < 10 the above fl5.ip - fl5.2l) hold true provided 
the following parallel interaction term is subtracted: 


Y, (n±(ii)F,,V'i,/9n±(zi)p,,V'2). 

d(±K]^,±K2)<2“*^2+3 

iv) If 5'^’“’ is replaced with then fl5.ip and fl5.2p improve as 
follows: 

min(fc2,fc2) min(fcp , ^2 ) — ^ 

- the factor becomes 2 2 ^ respectively, 2 2 ■ 

- they hold for all ki,k 2 > 89 (in particular, no terms need to he 
subtracted in the case |fci — ^ 2 ! < 10j. 


Proof of Proposition I5.il To make the exposition easier, we choose to 
prove all the estimates for the + choice in all terms. A careful exami¬ 
nation of the argument reveals that the other choices follow in a similar 
manner. 

We consider ki > 89 and k 2 > 100 and distinguish the following 
three cases: fci < ^2 — 10, |fci — ^ 2 ! < 10 and ki > k 2 + 10. We will 
work out in detail the hrst case, that is for ki < k 2 — 10. One should 
also note the close relation between these ranges and the ones given by 
the energy estimates in Theorem 12.31 

We will reduce fl5.ll) and 05.21) to the following claim: For all Ui,U 2 
localized at frequencies 2^b respectively 2^^, and / < fci -|- 10 the fol¬ 
lowing estimate holds true: 

(5.3) ||-Pki'WiPk 2 '^ 2 ||l 2 < 2 2 ||Mi||5'+ ||m 2 || 5 +^.™, 

where * means that the above sum is restricted to the range 2“*“^ < 
d(Ai, K 2 ) < 2“^+^ or d(«:i, A 2 ) < 2“*+^ in the case I = ki + 10. 
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We rely on the following estimate: 


ll-P/tiWi ■ -Pk2'*^2||l2 < ^1 + A 2 , 

Ki,K2G/Ci:* 


where 


^1 \\PKiUl\\L°°\\PK2Qhk2-2lU2\\L^ 


2fci -I 
< 2^ 


kiGKi 


||^«:2Qhfc2-2ZM2|| i2 


< 

r\j 


2 2 ^ ^ ||-PkiWi||l”L 2 ) 2 ^||Q^fc2-2«M2||y+,i,o 

kiGKi 


k-[ -\-l 

^ 2 — ||mi||s+ IIM 2 II 5 +,. 

fei ^2 


The second term ^42, corresponding to the interaction Pf^^urQ^k 2 - 2 iPK 2 U 2 , 
needs particular attention. We distinguish three particular scenarios 
I < /ci —11, /ci —10 < I < ki+9 and / = /ci + 10 and each of them is dealt 
with one of the three energy in frames components in the definition of 
5'+[/C2,«2]- 

If / < /ci — 11, then we estimate as follows 


A2 : — 


Y1 Y1 

Kl,K2GlCi:* K&Kk-^ + lO 


< 

r\j 


sup ||(5^fc2-2iT’^2«2||L?°L2 


(E 

K 2 €lCl 


sup sup \\Q^k 2 - 2 lPK 2 U 2 \\l^ 

-eACfcj+io: eeAfc^,, *© "© 


1 

2 


■(E( E 


2 


<2¥||«,|| *2‘||«.2|| 


s 


-\- ,w . 

fc 2 



36 


I. BEJENARU AND S. HERR 


If fci — 10 < / < fci + 9, then 


^2 ■— yy II-Pk-PkiWiII^2 

Ki,K2&K.i\* K&lCk^+W 

■ sup ||Q-<fc 2 - 2 Z-PK 2 '^ 2 ||L?° L 2 

< ( V sup sup ||Q^fc 2 - 2 Z^K 2 « 2 ||ic»i 2 

‘e e 


E ( E II ^’-6 




kiGK-i reGA^fej+io 


^2 2 22 ||P^ 2 M 2 ||^+,™. 

fcl ^k2 


If / = fci + 10, we repeat the argument of the hrst case without the 
additional localization to caps of size and obtain 


^ 2 :- 2 ^ llP^iMill^ sup ||Q-<fc 2 - 2 zP« 2 « 2 ||LJ^L 2 ^ 

Ki,K2€lCi:* ’ 


~ ll'^lllsl ^ ^ ll'^2||5+A 

«! AC2 


Obviously, (15.3^ implies 
(5.4) 


fcl -\-l 


I C"!" II <^2 II C+>'“^ • 
'•^fcl" "“^fcs 


y 2 ||PkiMiPk2“2||l2 < 2 '2 ||mi||,.+||m2| 

ki,k,2GK.i:* 

Now, we turn to the proof of fl5.2p . Using fl5.4p we claim the following 


(5.5) 


E ll{n+(£>)F„V'i./?n+(D)F,,i/.2)|U> 

k,i,k,2GJCi:* 

<2 2 ||n+(p)'0i||5,+||n+(p)'02|l5+.™- 

«! fc2 


To prove flS.Sp . we linearize the operator 11+(P) as follows 

n+(P) = n+( 2 ^ 2 a;( 6 ),)) + n+(P) - u+{ 2 '^^u{Kj)) 

where j = 1,2. Taking into account 05.41) and 03.4p we obtain 


||(n+(2^ia;(6:i))P.,^i,/3n+(2'=^a;(A2))P.2^2)||L2 

K 1 ,K 2 S/Ci:* 

< 2^\\lPi\\g+ \\i/j2\\s+^^ 
fcl fe 2 

where we have used |Z(ci;( 6 ;i),Ci;( 6 ; 2 ))| ^ 2 “' and that C>( 2 “^i +2~^^) < 

2-fci < 2 -«. 
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The estimate for the remaining terms follows from using (15.4^ and 
<Kn . Now, we use 

l</</ci + 10 k,i,k,2GK.i:* 

and (I5.5p and observe that the summation with respect to I is performed 
using the factor of 2“ 2 . 

This hnishes the proof of i) and ii) in the case ki < /c 2 — 10. The 
proof of fl5.3p in the case ki > k 2 + 10 is similar in the case I < /c 2 — 11 
and / = ^2 + 10, and also in the case k 2 — 10 < I < k 2 + 9 for the 
contributions Ai. In the case of A 2 , we modify the argument as in [H 
Prop. 5.1]: We decompose 

Pki^I ^ ^ PkPki^I 
KGlChj^+10 


and note that the interactions P^P^^UiPk 2 U 2 are almost orthogonal with 
respect to k G ICki+w, which follows from the fact that both P^P^Ui 
and Pk 2 'U 2 have Fourier-support of size 1 in the direction orthogonal 
to a;(A 2 )- As a consequence 






^ ^ ||PkPki7U ■ PK 2 Q ^k2—2l'^2\\ [Ji 


and we can proceed as before. 

The proof in the case |fci — ^ 2 ! < 10 is similar, except that there 
there is no mechanism to deal with the parallel interactions 

'y ^ -Pk2^2} 

d(Ki,K2)<2“''2+3 


in fl5.3p . This is the reason we cannot estimate this term and claim 
only the equivalent of fl5.ip - fl5.2p which excludes it. 

Finally, the improvement in iv) is justihed as follows: Since both 

I 

terms are in 5^ type spaces, by symmetry reasons we can replace 2^ 

minffci.fco) 

by 2 2 in fl5.ip and similarly in fl5.2p . If 89 < ki,k 2 < 100 we 

simply use the L'^-Strichartz bound on both functions. In the other 
cases where \ki — k 2 \ < 10 we use the fact that in S'^ we have access to 
the full family of Strichartz estimates for both terms and we estimate 
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the parallel interactions term as follows: 


^ P^^U2) 

d(Ki,K2)<2“*^2+3 


~ ||-PKl'ifl||L4||PK2'^2||L4 

Ki,K2&Kf,^-. 

d(K]^,K 2 )< 2 “*^ 2+3 

£ ( E llA,«illi.)h E \PM\h) 

Kie/Cfcj K2GiCk2 


^ 2 ^ ||'Ul|l5+ 11^2115+ • 

«! K2 


This matches the numerology claimed in 05.31) and adds up correctly 
with the other angular interactions to give 05.ip and 05.2p . □ 


Remark 2. The estimates of Proposition 15.11 can be interpolated with 
the trivial estimate 


IIIV’i||'02|||Lj°°L2 < 2^111-01112,^00 ^211-0211 

obtain by the Bernstein inequality. In particular, for 2 < r < oo we 
obtain 

(5.6) ||{n±(B)Vi,/3n±(Z))^2)||^,,., < ||V.2|lsf . 

We hnish this section withtwo trilinear estimates. 


Lemma 5.2. Assume ki < k 2 < k^ and each ipi is supported at 
frequency 2^%i = 1,2,3. The following estimate holds true for any 
I < p < 2 and any choice of signs Si G {±}, i = 1, 2, 3.- 


(5.7) 


2<i:-5>‘»||(n.,(B)v.„/?n,jB)^.j)/?n,.(D)v-3lUfi| 

3 fc. 

2i7--a«2-.3) 


(i“^)(*^l“*^2)r){l-t)(fc2-fc3) 


< 2^8 2 p 

rsj 


i=i 


Proof. The strategy is to recombine '0i and '03 or ■02 and 03 and provide 
an type estimate as in 05. ip . A careful analysis reveals that one can 
still extract gains from the null structure when recombining terms. 

We provide a complete argument for the n+(Zl) part of each term, 
that is we assume 0* = n+(Zl)0j,Vz G {1,2,3}. A similar argument 
works for the other combinations. Fix 0 < / < /ci + 10 and write 

/= {P.,01,0P.,02)003 

where * indicates that we consider the range < d(Ai, K 2 ) < 
if / < fci + 10, or d(fi;i, K 2 ) < 2“*+® in the case I = ki + 10. 
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Let I < ki + 10. Fix ki, K 2 G fCi subject to We explain now how 
to take advantage of the null condition in this context. For j = 1, 2 we 
decompose 


n+(D) = u42^^u{Kj)) + n+(D) - ii42^^uiKj)) 

and use fl3.4p and fl4.7p to extract a factor of from the expression 
/3Pf.2'ip2) in all the computations below. To keep things simple 
in the estimates below, we skip the step where each 'ipj,j = 1,2 goes 
through the above decomposition and simply just book the factor of 

2-K 

We start with the high modulation component of "03 which we esti¬ 
mate as follows 

11 (F^i-01,/3P^2 ^2 )bfcs-2Z V’S 11 

(5 8) ~ ^^\\Qtk3-2l'll^3\\Ll^ 

For the low modulation component, we decompose 

^5_gi V's = Pk3^3 + 

i'<i-8k,3 £K.** K 3 e/c*** 

where if A 3 G /C”, < 7 (^ 3 , Ai) ~ K 2 ) ~ 2“^', while if A 3 G JC***, 

d(A 3 , Ai) -|- d{Ks, A 2 ) < Fix I' < I — 8. Using fl5.3l) we estimate 


||(F«l'01,/?P«2l/>2)/^ PK3Q<k3-2li^3\\^Ll 

Kse/cy 




Lf^L^ 


PK2i>2 Y PK3Q^k3-2li>3 


K 3 G/C* 
k2+l' 


L2 




t " ' 3 1st ! 
k2 H 


since it follows from the proof of (I5.3|l that the operator Q^k 3 - 2 i is 
disposable and we only need the l‘^Sk 2 component for PK 2 'ip 2 - 

For the second sum, where A 3 G JC***, the key property is that 
2“*+^ < d(A 3 , Ai) -|- d(A 3 , A 2 ) < 2“k Thus we can split the set /Cp* = 
Si U S 2 , Fi n S '2 = 0 such that A 3 G Si satishes d(A 3 , Ai) > 2~\ while 
A 3 G S 2 satishes d(A 3 , A 2 ) > 2“h 
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The part of the sum with K 3 G S 2 is estimated as above with I' = I, 
thus leading to 

||(P«i'01,/?Pk 2'02)/^ ^K3<5^fc3-2zV'3||L?Li 


K 3 SS 2 


<2-'2l‘+'S?>'='||A.l(-i|lps+ IIV>3lls+ . 

fcl Ac2 K3 

The part of the sum with ^3 G Si is estimated as follows 
||(P«i'01,/5Pk2^2)/5 Y ^«3<5^fc3-2«^3||LfL2 


re3GSi 


Sp 

lF^lI 


^2 ||Pk2'02|| 8e_ ■ PkiV^I ^ ^ PkzQ 

r, ^ P r 00 ' ^ 

* ^ K3gSl 

fco fci 


t. " ■ ’3llst • 

fci (53 


The last inequality was obtained by interpolating between the two es¬ 
timates 


K3€>S’i 


PkiV’1 Y P^3Q^k^-2liJz ^ 2''2^'||P^^^/;i||;2g+ 11^^311^+ , 

^ —' LtLl *=1 *=3 




^ ^ PpiiQ<k3—2l'4^Z 


K3S5 i 


< 


irii 


2‘‘llA.l('illpsf IIV'slls*. 

«! /C 3 


where the hrst one follows from fl5.3p and its proof, while the second 
one follows from the trivial estimate ||PKi' 0 ilUf'^ ^ 

Bringing together the two inequalities we obtain: 

||(Pki'01,/^^K2'02)/5 Y ^^3<5^fc3-2«^3||LfLi 

k^GJC*** 

<2-^2(5“i)'='||P«,V’l||p5+ 2^^"^^^1|PK2V’2|b25+ ll^3||s+ ) 

fci fc 2 fc 3 

At this time we can perform the summation with respect to the de¬ 
composition of -03 in fl5.9p to obtain: 

||(P^iV'l,/3P,,2'02)/3Q^fc3-2«^3||pLi 

<2-G<i-i'‘‘||A.i('il|ps+ ||<f3lts+. 

«! K2 ^3 

To this estimate we add the high modulation component estimate in 
to conclude with 
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The cap summation with respect to ai,A 2 G '■ * is performed 
using the P property of the PS^ spaces fl4.ip : 

<2-52(i-i)^i||V>i||;25+ 11(25+ ll^3|ls+ , 

fci fc2 ^3 

Recall that up to this point we have used that I < ki + 10. If / = fci + 10, 
then one proceeds as above up to the point where we split the set 
JC*** = Si U 82 - The modihcation in this case is that we simply retain 
only the Si component which is now characterized by d{Ks, ki) < 2“^^ 
and estimate as above to obtain 

<2-h(i-i)'^i||^i|| + 2(i-i)'^^||V^2||s+ ||V'3|ls+ , 

«1 «2 ^3 

where I = fci + 10. Finally, the summation with respect to I is done 
using the factor 2“ 2 ; 

\\{Pl,Pp2)Pp3\\^Ll ~ 2(^“i)'^'||l/>i||5,^2(^"i)'^'||l/>2||5fcJ|^3||Sfe3 

<2(i-i)^^2(i-i)'=^2-^n2^||i^,||5+ 

i=i 

from which fl5.7l) follows. □ 


Lemma 5.3. Assume ki < mm{k 2 , k^) and each pi is supported at 
frequency 2^\i = 1, 2, 3. For any 2 < p < 00 and any choice of signs 
Si G {±},f = 1,2,3, the following estimate holds true: 

II n,, {D)Pi (n,, iD)P2, /dn,3 {D)p,) i^.^i 

^ 2^^“p^*^^||l/>l||5n||V'2||5=2||V'3||s“3’“- 

fel /c2 fc3 

Proof. Note that 05.101) follows from 
(5.11) 

l|n.,(C’)V>i(n„(£>),/i2,/3n„(D)v>3)||i2Li < 2^||V>i|lsfi|t'/'2lts;4l'/'3lls;>'-. 

I- w /gj 1^2 te 3 

by interpolating with the trivial estimate: 

||V'l('*/’2,/5 i/’ 3) Ilex'Ll ^ ||l/'l||Lt°^^||l/’2||L“L2 ||-?/>3||5oo^2 

^ 2^NI'0l|ls“i l|V’2||5“2 11^3115^3’“’- 


Therefore the rest of this proof is concerned with 05.111) . The argu¬ 
ment carries some similarities with the one used in Lemma 15.21 In 
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particular we extract the gains from the null condition as explained in 
the body of that proof and skip the formalization here. We provide a 
complete argument for the n_|_(Zi)) part of each term, that is we assume 
Vi G {1,2,3}. A similar argument works for the other 
combinations. We decompose 
( 6 . 12 ) 

3 

E E E E (P^ 2 V’ 2 , 

where/Cf( ai, 2 ) = {(k 2 ,%) € '■ 2 “^+^ < d{Ki^K 2 ) < 2 “^+®, (i(Ki, K 3 ) < 

2 “'+®} and /Cf(Ai,3) = {{1^2,1^3) ^ K-i x JCi ■ 2 “'+^ < d{Ki, K3) < 

2 “'+®, d{Ki, K 2 ) < 2 “'+®} for / < fci + 10 while for / = fci + 10 we pick 
lC'f{Ki,2) = /C,^(ki,3) = {{^ 2 , 1 ^ 3 ) e JCixJCi : d{Ki,K3) < 2 "'+®,(i(Ki,K 2 ) < 
2 -«+ 6 }_ these sets are not disjoint, so we (implicitly) remove 

elements which are counted multiple times. 

We £x 0 < / < fci + 10, Ai G /C; and aim to estimate 

Pki '01 Y (^«2'02,/3P«3'03) 

K 2 ,K 3 S/C^(ki, 2 ) 

Notice that, given the structure of the set /C;^(ai, 2), for all ^ 2 ,% £ 

2) we have d{K, 2 , ^ 3 ) G and this allows us to book the gain of 
2“* from the null condition as explained in Lemma 15^ Combining this 
with the fact that in the above sum we have < d{Ki, K 2 ) < 2~''~^^ 
we invoke fl5.3p to obtain 

II E (■P«A'2./1«.3V'3)IIl;i; 

K 2 ,K 3 S/C^(ki, 2 ) 

<2-'2^||V’l||5+ 11^2115+ sup||P«3V’3||l-l2 
'“1 *2 k 3 

<2^\\'iIji\\s+ \\H\s+ IIV'3|Is+.™- 

fel k2 

A similar argument gives 

II Y (^«2^2,/3PK3^3)|lLfLi < 2^||V'l||5+J|^/’2|ls+J|V’3|l5+'™ 

K2,K3£Kf{Kl,3) 

If / = fci + 10 then we proceed as above in the case of 2) since 

'ip 2 comes with the stronger structure S'^. 

To conclude with flS.lip we need to perform the summation with 
respect to I in fl5.12p : this is trivially done using the power of 2 “ 2 . □ 
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6. The Dirac nonlinearity 


The main result of this section is the following 

Theorem 6.1. Choose si, S 2 , S 3 , S 4 G {+, — Then, for all fjk E 
satisfying for k = 1,2, 3, we have 

( 6 . 1 ) < \Mssi,^\Mgs^,^\\f’3\\s^3,^- 

The rest of this section is devoted to the proof of Theorem [6T] and the 
proof of our main result Theorem II.IL which is organized similarly to 
[H Section 6]. The estimate fld.ip will be derived from similar estimates 
for frequency localized functions. Our aim will be to identify a function 
G'(k) : N >89 —>■ (0, cxo) such that 

(6-2) E G(k)akibk 2 Ck 3 dk^ < ||a||i2||6||z2||c||i2||d||/2 

fcl,fc2,fc3 A4GN>g9 

for all sequences a = (aj)jgN> 89 , etc, in Here, we set N >89 = {n G 
N : n > 89} and write k = {ki, ^ 2 , ^ 3 , ^ 4 )- 

With these notations, the result of Theorem 16.11 follows from 


Proposition 6.2. There exists a function G satisfying fl6.2|) such that 
if 'ipj are localized at frequency kj > 89 and 'ipj = Hg^. (D)'0j for 
j = 1, 2, 3, then the following holds true 

k ^ V 

(6.3) 2^\\Pk,U,,{D){{fj,,/3ij2)m\\Nt- < G(k)J]2^ 11^,11^.,, 

i=i ' 

for any choice of sign si, S 2 , S 3 , S 4 G {+, — }. 

We break this down into two building blocks: 


Lemma 6.3. Under the assumptions of Proposition ^.!^ the following 
estimate holds true for any | < p <2: 


(6.4) 


C 1 ’ 


)A:4 I 


Pi.n„(r>)((^i, W.2)/?V'3)llirii < G(k) n 2 ^ W. 




i=i 


Lemma 6.4. Under the assumptions of Proposition lCE (including now 
that -04 are localized at frequency 2^* and -04 = Ils^{D)'il! 4 ^) the following 
estimate hold true: 


(6.5) 


l3i>i)dxdt 


<G(k)n2' 

i=i 


11 % 


'V 


kA 

■“||%| 


Next, we show how Lemmas 16.31 and 16.41 imply Proposition 16.21 
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Proof of Prop. \6.S\. The estimate (16.4^ provides the part of (I6.3p . 
Next, we explain why flh.Sp implies the atomic part of fl6.3p . The 
nonlinearity 

AA = Pfc,n,,(D)((^i,/3^2)/3V'3) 

satishes M = PkJlsA{.D)M and has to be estimated in Using the 
dnality fl4.6p . it snffices to test M against -04 G and to prove the 
estimate 


( 6 . 6 ) 




PWs, 


■ 11-04 Ils^4.- 


i=i 


We have 

j{Af,'il:4)dxdt = j{{'ipi, /3'4!2)/3'il^3,'n.sA{D)PkA'il^4)dxdt 

= J {ill, I3i>2){i>3, (^UsAiD)PkAfj4)dxdt. 


Now, we split ij = Il^{D)ij + Il^{D)ij, and each contribntion to 
fl6.6p is bonnded by fl6.5p . □ 


Proof of Lemma Id. 31 We will use the notation: 

TR = 2“||0i||5.n2“||'02||5“22^||'03||5.=3. 

fci k 2 /c3 

The argument is symmetric with respect to ki,k 2 , hence we can simply 
assume that ki < k 2 . 

We hrst consider the case k^ < ki + 20, in which case k^ < k 2 + 30 
or else the l.h.s. of fl6.4p vanishes. Using Strichartz and Prop. 15.11 we 
obtain 

\\{ii,/3i2)ii3\\^Li < \\{ii,Pi2)\\L4'^3\\ ^ 

<2^|10l||5n||02||5^22('+^)"^||03||5^3 


which is acceptable given that 0 < < |. 

If fci + 20 < /c 3 < /c 2 + 20 we use fl5.6l) and obtain 

\\{ii,ldi2)ldi3\\^Li<\\{ii,ldi2)\\ ^ ll^sll ^ 

Lf^Ll Lf=^L^ 

K 2 ^3 


which is acceptable given that | < p < 2. 
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Next we consider the case /c 2 + 20 < fca, in which case + 10 

or else the l.h.s. of fl6.4p vanishes. In this case the estimate fl5.7p gives 
the desired bonnd provided that | < p < 2. □ 

It remains to prove Lemma [631 Before we start to do so, we analyze 
the modnlation of a prodnct of two waves as in p. We consider two 
fnnctions G where their native modnlation is with respect to 

the qnantity |r — (^)|. However, for {'ipi,/3'ip2) we qnantify the ontpnt 
modnlation with respect to ||r| — (,^)|. We recall from P the following 
lemma which contains the modnlation localization claim which will be 
used several times in the argument. 


Lemma 6.5. i) Let k, kik 2 > 100 and I -< min(fci, k 2 ), and let ki, K 2 G 
JCi, with d(Ki, H 2 ) ~ 2 ~’‘, and assume that Uj = Pkj,K.jQ%mP‘j, where 

m = ki + k 2 — k — 21. 


Then, if Si = S 2 , 

Pk{uiu^){T,f) = 0 unless ||r| - (^)| Ri 2™. 

a) Using the same setup as in part i) hut with si = —S 2 and d(/ti, —K 2 ) ~ 
2“^, the same result applies with 

m = min(/ci, ^ 2 ) — 21 . 


Proof, i) The proof of the same result in P (where we worked in di¬ 
mension 3) does not involve the dimension of the physical space, thus 
it carries over verbatim to dimension 2 for si = S 2 = -I-. The argument 
Si = S 2 = ~ is entirely similar. 

ii) Since the modulation of the inputs are much less than the claimed 
modulation of the output it is enough to prove the argument for free 
solutions. Let (^ 1 , (^ 1 )) be in the support of ui and (—^ 2 , (^ 2 )) be in 
the support of U 2 . Then, the angle between ,^1 and ^,2 is ~ 2“h Let 
.^ = .^1 — .^2 be of size 2^ and r = (.^ 1 ) — (.^ 2 )- Our aim is to prove that 

1 ( 6 - 6 )- 1 ( 6 )+ ( 6 ) 11 ^ 2 ™ 


The claim follows from 


(6 - 6 )- 1 ( 6 ) + ( 6)1 


( 6 - 6 )^-(( 6 ) + ( 6 ))^ 

(6-6) + l(6) + (6)l 


2|6||6|(1 + C0S(^(6,6))) 

(6-6) + l(6) + (6)l ^ ^ 




because by assumption we have ^ 2 max(fci,fc 2 )_ □ 
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Proof of Lemma \6.4\ Without restricting the generality of the argu¬ 
ment we prove flh.Sp for the -|- choice in all terms. Once we hnish the 
argument for the -|- choice in all terms, we indicate how the other cases 
are treated. Thus, for now, we drop all the ± and simply consider 
'tpj G Sf, and write Sk^ = Sf, instead. 

For brevity, we denote the l.h.s. of fl6.5p as 


I : = 




and the standard factor on the r.h.s. as 

3 , 

i=i 

Since the expression I computes the zero mode of the product ('0i, 

(- 03 , it follows that (- 01 , /5V’2) and (- 03 , P'ljJi) need to be localized at 
frequencies and modulations of comparable size, where the modulation 
is computed with respect to ||r| — (.^)|. This will be repeatedly used in 
the argument below along with the convention that the modulations of 
fjkik = 1,..., 4 are with respect to |r — (.^) |, while the modulations of 
{fji,/3'ip2) and are with respect to ||r| — (.^)|. 

We also agree that by the angle of interaction in, say, (V’i,/5V’2) we 
mean the angle made by the frequencies in the support of V’l and 1 ^ 2 , 
where we consider only the supports that bring nontrivial contributions 
to /. 

We organize the argument based on the size of the frequencies. There 
are a two easy cases we can easily dispose of. 

Case 1: max(/ci, ^ 2 , ^ 3 , ^ 4 ) < 200. In this case we estimate 

I ^ \\‘^l\\LfLe\\'f>2\\LfLe\\f’3\\LlLl:\\i’4\\L^Ll 
~ llV'llISfcj ||^2||5fe2 llV'slISfeg ll^4||s^^ 


Case 2: ^4 < 100. Using (15.111 in the context of part iv) of Proposition 
IQ we obtain: 


^ ^ II(^d/^V’2)||l2||^3||l4||V’4||l4 

minffci ,ko) fco 

~ 2 2 llV’llISfcj ll'02||Sfc22^||'03||5fe3l|V’4||5“ 

maxffci ,/co) 

<2 - 

Given that, in order to account for nontrivial outputs, we need to con¬ 
sider only the case when -< max(/ci, /C 2 ), the above estimate suffices. 
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We continue with the more delicate cases. In light of Case 2, from 
now on we work under the hypothesis that > 100 . 

Case 3: ^4 < min(fci, ^2, ^3) + 10. If k^> ki + 10, then we use (15.1 p 
and (15.2p to obtain 


III < 


min(A: )^2) 

2 2 




Sk. 




4 Is: 


< 


fc4 


/C4—max(fc 2 5^2) 

2 2 j. 


which is acceptable given that k^ < max(fci, /C 2 ) + 10 (or else I = 0). 

If ^4 — 10 < fcs < /c 4 + 9 the above argument covers most of I except 


kpar ■ 


d(K3,re4)<2“*'4+3 




If ki,k 2 < k^ + 15 this is estimated as follows: 


~ II'*(’iIU?T|IIV’2||l3^62 ^ ||-Pk3V’3||l3l6 ||-Pk4^4||l“L2 


ft3,«4 6'Cj,^; 
d(K 3 ,K 4 )< 2 “*' 4+3 




||V'l||SfcJ|l/’2||Sfc2 


. resGAfc 

<2'''^^^-'=1 |i^i||sJ|i^2||s, 11^^3115, 1 






< j 


where we have used that |/ci — /C 4 I < 15, for i G {1, 2, 3}. 

If fci > A :4 + 15, then k 2 > k^ + 10. In addition, since (3'ip2) is 
supported at frequency < 2 ^“*, it follows that only the interactions be¬ 
tween 'ijji and 'ip 2 making an angle < have nontrivial contribution 

to /. Therefore we need to consider only 


‘■par • 


E E / /5^K2V’2)-(^K3^3, f3Pi^^ip4:)dxdt 

Kl,K2elCk^-k^- 

d(Ki.«; 2 )< 2 '‘ 4 -'“l d(K 3 ,K 4 )< 2 -'' 4+3 
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Now we use a similar argument to the one when fci, ^2 < ^4 + 15: 


Ipar ^ ^ l|-PKl^l||L3L6||-PK2V’2||L3i6 


d(Ki,K2)<2'=4-fcl 


■ 2 


— ^4 


I|-Pk3'*/'3||l3^6 ||Pk4'?/’4||l,°°L2 


d(fS3,K.4)<2“*^4+3 


< 2-‘-1 5^ II A,V' 




II ^«2^: 

K2eA/;j^_fe^ 


2 llL>Le 


^KsGlCk^ 


mi 


^ K 4 




2(fei+fc2+fc3) 

< 2 3 ''1 


< 2|(^4-fcl)j 


llV'llISfcj ||^2||Sfc2 llV'slIsfcg ||V'4||5; 


fc4 


2 


which suffices. 

Case 4: there are exactly two i G {1, 2, 3} such that < ki + 10. 
Case 4 d) Assume that k^ > k 4 — 10. Since the argument is symmetric 
in ki and ^ 2 , it is enough to consider the scenario fci < ^4 — 10 < ^ 2 - 
Note that \k 2 — k^l < 12. 

To streamline the argument we ignore for a moment that in the case 
1^3 — ^ 4 ] <9 the proof below does not cover the estimate for I par- We 
will explain at the end how to estimate this term. 

We claim that either the angle of interactions in ('03, /9'04) is ^ 2 le 

-s. /c]^+7fc4 

or at least one factor j = 1,... ,4 has modulation > 2 s . To 
see this, suppose that the claim is false. Then, the modulation of 
{ipi, f3'ip2) is 2 8 while it follows from part i) of Lemma [6.51 that 

« / ^ \ ki+7k^ 

the modulation of ('03,/5'04) is ^ 2 s . This is not possible, hence 
the claim is true. Note that in using Lemma [6.51 we are assuming that 
ks, k^ > 100. If this is not the case, that is k^ = 99, then ki, k 2 , ks, k^ < 
200 and this is covered under Case 1. 

In the hrst subcase, where the angle of interaction in {'ips, is 

^1—^4 ^ _ 

smaller than 2 le , we use fl5.ip and fl5.2p to estimate 


k-l —kA fci Kq Ki —Ka Ka—Ko 

/ < 2-i^2T2^||V.i||s,J|V.2|Is.J|^3lts.JA4llsr < 2-n^2^J 


which is acceptable. 
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We now consider the second subcase, in which the modulation of the 

fci -\-7kA fei -\-kA 

factor %l)j is > 2 § > for some j G {1, 2, 3,4}. 

fci +fc4 

j = 1: Since -01 has modulation > 2 2 , we use the Sobolev em¬ 
bedding for 01 to obtain 


^3 

I ^ II'0i||l2loo||02||l4°°I,22^||03||5j^^||04||5^^ 

^ 2^MIV’l||L2||02||sfc2 2^l|'«/'3||Sfe3l|'04||s^^ 


fcj + fcd 


j = 2 : Since 02 has modulation >22 , Sobolev embedding for 0i 

and fIS.ip yields 


^3 


I ~ ||0i||l°°||'02||l 22 2 I103||sfc3 ll^llls; 


^ 2^0|0l||rooi;^2 2 4 II 02 II 5 . 2 2 ||03||^4||04||5' 


/c4 


fci —fc4 kA—kn 

<2^2^J. 


j = 3: We use fl5.6p and estimate as follows 


^ ^ II(V'1,/5V’2)|| ^ J|V'3||LfL2||04||L- 

which is acceptable provided we choose a | < p < |. 
j = 4: We flS.bp and estimate as follows: 

^ ^ II(V’1,/5V’2)||l-L2|103|| ^ 110411^2 


4115“ 


■ J r — z T o 


<2'‘-i)‘.||v,i||s.J|,A2||s.^2<4+^)‘3||.^3||^^^2-TA‘|lv,4Is^ 




and this is acceptable provided we pick 4 > r > y. 

The argument is complete, except that we owe an estimate for Ipar in 
the case 1^3 — ^ 4 ! < 9. Note that, in this case we also have /c 2 < ^4 +15. 
By recombining 0i with 04 , 02 with 03 (at the cost of having no null 
structure) and using fl5.3l) . we estimate 

Case 4 b) Assume now that — 10 , hence fci,fc 2 > fc 4 — 10 

and |fci — fc 2 | < 12. Here we claim that either the angle of interactions 
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^3 — ^4 u L. 

in {ipi,/ 3 'ijj 2 ) is < 2 le or at least one factor ipj^j = 

^ 3 + 7^4 

has modulation > 2 § . Indeed, if the claim is false, it follows from 

^3+7/04 

Lemma [6~5l part i), that the modulation of ("^i, /5'02) is 3> 2 s while 

« / \ ^3 + 7/04 

the modulation of ('03,/5'04) is -C 2 § . This is not possible, hence 

the claim is true. Note that in using Lemma [6.51 we are assuming that 
ki,k 2 > 100. If this is not the case, that is either ki = 99 or ^2 = 99, 
then ki, k 2 , k^, k^ < 200 the argument is provided in Case 1. 

In the hrst subcase the angle of interaction in {'ipi, f 3 'ijj 2 ) is smaller 

/C0 /C 4 1 1 

than 2 le Then, we use fl5.2p to estimate the contribution of 

(■^1, /5'^2) and fl5.ll) to estimate the contribution of (V’3, f 3 ip 4 ). This gives 
I < 2 J which is acceptable. 

In the second subcase, where at least one modulation is high, one 
proceeds in a similar manner to Case 2a) above. We indicate the start¬ 
ing point in each case and leave the details to the reader. 
i = 1: We proceed as in the case j = 4, Case 2a): 


I < Ui 


Lf^L% 


||(V’3,/^^4)|| 




= L2. 


j = 2: Identical to the case j = 1. 
j = 3: We proceed as in the case j = 1, Case 2a): 

I ^ 2^||V^l||5^J|V’2||SfcJ|V’3||L2L-||V’4|U° 
j = 4: We proceed as in the case j = 2, Case 2b): 

I ^ 2^||V'i||5,j|^/>2|U,JIV'3||l-II^4||l2. 

Case 5: \k 2 — k 4 \ < 2 and fci, ^3 < ^4 — 10. Without restricting the 
generality of the argument, we may assume that ki < k^. 

fci — fc 3 

We claim that either the angle of interaction in ('^3, /3'04) is ^ 2 le 
or one factor = 1,... ,4 has modulation > 2 § . Indeed, if all 

modulations of the functions involved are <C 2 s , then ('^i,/3'^2) is 

/ci-1-7/c3 ^ ^ \ 

localized at modulation < 2 s . This forces (^’3, /dt/’4) to be localized 

^2+7/03 k^—k^ 

at modulation < 2 « , hence the angle of interaction is < 2 is by 

Lemma 16.51 part i). Note that in using Lemma 16.51 we are assuming 
that ^3, k^ > 100. If this is not the case, that is k^ = 99, then ki = 99 
and the estimate I ^ J suffices. 

In the hrst subcase, when the angle of interaction in fi'ipi) is 

ki—k-^ 

< 2 16 , we use fl5.2p to obtain 




























THE CUBIC DIRAC EQUATION 


51 


Next, we consider the second snbcase when the factor 'ipj has modn- 

^ fc-i +7fco k-i +3kr} 

lation > 2 ^ > 2 4 for some j G {1, 2, 3,4}: 

_ _ _ , , « ^1+3/03 

j = 1: The modnlation of 'ifji is > 2 4 ^ so we nse Sobolev embed¬ 

ding for -01 and flS.ip for (-03, /dV'r) fo obtain 


ha 


I ^ I1V'i||l2loo||V>2||lj°°L 2 2 2 Il'i/'alisfeg I|'04||5^ 


fc4 


fc4 


< 2''12 8 IIV^llls;,, ||'02||5fc 2 2 ||'04||e 


fc4 


<2^J. 


fcj 4-3/03 


j = 2: Here, the modnlation of -02 is > 2 4 and we proceed as 

above to obtain 

I ^ IIV’i|U°°IIV^2||l22^||i/^ 3||5 ||l/>4||5j; 


■^fc4 


^ 2 ^i||i/>i|| 2 ,j»l 22 ® ^ \\'^2\\Sk2‘^^\\i^3\\SkJ\'^4\si 

fci —feq 

<2^J. 


fci-|-7fc3 


j = 3: The modnlation of -03 is > 2 s , we nse the Sobolev em¬ 
bedding for '^3 to obtain 




< 






^2p ||V’l||5fcJ|l/^2||Sfe22^^ ^^'^'2 '^8 '||V'3||5,3l|V’4||s™ 

< J. 


which is acceptable provided we choose a | < p < |. 

-s. fc]^-|-7/c3 

j = 4: Since the modulation of '04 is ^ 2 s , we estimate as follows 


^ ^ ll(^u/^^2)||LfLill^3|| ^ I|V'4 ||l2 


fcl 4-7/03 
16 


||V'4||s,- 


and this is acceptable provided we pick 4 > p > y. 

Case 6: \ki — /C4I < 2 and /c2, < k^ — 10. By switching the roles of 

'ipi and "02, this case is entirely similar to Case 5. 
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Case 7: \k^ — ki\ < 2 and fci, ^2 < ^4 — 10. Without loss of general¬ 
ity we assume ki < k 2 . Since {ks — k^l <2 there will be a problem with 
estimating Ipar- We estimate this term the same way we did in Case 3 

(see ki, k 2 < k^ + 15 part there) to obtain: Ipar ^ 2 s J and this 
is hne. As a consequence, in the rest of the argument we can tacitly 
ignore that the estimates we provide do not work for the Ipar part of I. 
The key observation is that either the angle of interaction between 


‘ips and -04 is < 2 ' 


16 2^2 ^3 Qj, factor has modulation > 

ki+7k2 ^2+7^2 

2 8 . Indeed, if all modulations are -C 2 § , then the modulation 

of ('0 i,/ 5'^2) is < 2^8^ and part i) of Lemma 16.51 implies the claim. 
Note that in using Lemma 16.51 we are assuming that k^, k^ > 100. If 
this is not the case, that is k^ = 99, then ^ 1 ,^ 2 , ^ 3 , ^4 < 200 and the 
argument is provided in Case 1. 

We consider the hrst subcase, when the angle of interaction between 
-03 and V ’4 is < 2^5^2^2-fc3_ Using fl5.ip and fl5.2p we estimate 

/cf —^2 

'4||S“^ ^ 2 32 J. 


fci ko k^ —ko kn—ko 

I < 2 -||^ i || 5 ,, \ms,2^2^2^ 


WHls.M 


A:p+7fc2 

In the second subcase, ipj has modulation > 2 s for some j G 
{1,2,3,4}. 

_ _ _ , n , -s. fci+7fc2 ^ _ 

j = 1: The modulation of is ^ 2 s . Using (IS.lUp with p = 2 
for V’2,'03) V’4) cind the Sobolev embedding for 'ipi we estimate 

I ^ IIV’l||L2Loo2^||'02||sfcJ|V’3||Sfc3l|'04||5“ 

, k-\ +7fco ko 

< 2 ‘> 2 — 


j = 2: Using fl5.10p for ip^ and the Sobolev embedding for ip 2 

we proceed as follows: 


I <2^^ ||V'2|| ^ ll^3||Sfe3l|V'4||s^; 

^ ip Lg° 3 ''4 

< 2(^“i^^i||4/>i||5,^2^^||^/>2|| ^ ||V’3||5,3l|^/’4||s» 

< 2^^-^^^^\\'lpi\\s, 2^22f 2-^^||4/>2|UfcJ|V'3||Sfc3l|^4||s 


w 

k^ 


which is acceptable as long as p = ^ G (|, |) and ^ < |, which is 
both satished as long as | < g < 4. 
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j = 3 and j = 4: Here we assume that and ^’4 have modulation 

^ fcj^+7/c2 ^ 

> 2 8 . In this case we estimate 

I ^ II'0iIIl“IIV’2||l°°||'03||l2||'04||l2 

< ||' 02 ||sfe 22 ~\\i’3\\skj\i’4\\s]^^ 

/ \ ~ fe]^+7fc2 

j = 3 (only): The modulation of ipz is > 2 § and all the other 

■1 11 fci+7fc2 ^ , 111 

terms have modulation <C 2 § . In this case we note that the angle 

of interaction between ip 2 and -^4 is ^ 2 is or else their interaction 

_ fc2+7/c2 

has modulation <C 2 § and this cannot be changed by to match 

the modulation of -03. Thus combine -02 and -04, use fl5.3p to obtain 

I ^ ||i/’i||loo 2^2 ^||l/’2||5fcJ|V’4||5fcJlV’3||L2 

j = 4 (only): We change the role of 'ips and V ’4 in the above argument. 

We are now done with the analysis of fl6.5p in the case Si = S 2 = 
S 3 = S 4 = +. It is obvious that the same argument works for si = 
S 2 = S 3 = S 4 = —. Next we indicate how the other sign choices can 
be dealt with, by highlighting the similarities and differences from the 
choice Si = S 2 = S 3 = S 4 = +. We do this by going over each case. 

No changes are needed in the easy cases: Case 1 and Case 2 . 

Case 3: < min(/ci, A: 2 , ^ 3 ) + 10. Here the only part that needs to 

be adjusted is the last scenario when ^4 — 10 < ^3 < ^4 + 9, fci > 
^4 + 15, ^2 > ^4 + 10 and Si = —S 2 . As already argued there, only 
the interactions between 'ipi and V ’2 making an angle < 2 ^'^“^^ have 
nontrivial contribution to /, that is only pairs l 3 Pf^^'ip 2 ) with 

d(Ai, K 2 ) ^ 2^^“^b But this implies (i(Ai, —^ 2 ) ~ 1, and we claim that 
at least one factor has modulation > 2^^. Indeed, otherwise all factors 
have modulations <C 2 ^^ from which we obtain two contradictory re¬ 
sults: {'ipi, I 3 'ip 2 ) has modulation ^ 2^^ (on behalf of part ii) of Lemma 
16.5p while {'ip 3 ,/ 3 'ip 4 ) has modulation <C 2 *^L 

Now it is an easy exercise to establish the desired estimate, given 
that at least one factor has modulation > 2 ^L 

Case 4: there are exactly two i G {1, 2, 3} such that ki<ki + 10. 
Case 40 ,) Assume that ^3 > ^4 — 10. The argument is the same 
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if S 3 = S 4 . If S 3 = —S 4 then the new claim is: either the angle of 

/cf —fc4 

interactions in I 3 ‘ip 4 j is tt + a with |a| < 2 is or at least one 

^ fcf +7^4 _ _ _ _ 

factor = 1,..., 4 has modulation > 2 s . This claim is proved 
in a similar manner, just that now we invoke part ii) of Lemma 16.51 
Then the rest of the argument is carried in a similar manner. 

Case 4 b) Assume that — 10 , hence ki,k 2 > ^4 — 10 and 

1^1 — ^ 2 1 < 12. If Si = S 2 the proof is the same. 

If Si = —S 2 and ki,k 2 < k^ + 10, then the claim there is modihed 
as follows: either the angle of interactions in {'ipi,/ 3 'ip 2 ) is vr + a with 

l®l ^ 2 16 or at least one factor = 1,...,4 has modulation 

k^-\-7k2i , N ^ _ _ _ 

^28 . This is proved using part ii) of Lemma 16.51 Then the rest 
of the argument follows in a similar manner. 

If Si = —S 2 and max(A;i, /C 2 ) > k 4 + 11, in which case ki, ki> ki + 6 , 
then only interactions at angle < 1 in {'ipi, f 3 'ip 2 ) contribute to I given 
that the output {^pi,/ 3 'ip 2 ) is localized at much lower frequency. Using 
part ii) of Lemma 16.51 we conclude that at least one factor 'ipj has 
modulation > 2 ^^ and then the argument becomes easier. 

Case 5: 1^2 — ^ 4 ! < 2 and fci, ^3 < ^4 — 10. Without restricting the 
generality of the argument, we may assume that ki < k^. 

No modihcation is needed if S 3 = S 4 . If S 3 = —S 4 then the claim is 
modihed to: either the angle of interaction in {'ips,/3'ip^) is vr + a with 

I I __ ki — fc3 ^ k-^-\-7k^ 

\a\ < 2 16 or one factor = 1,..., 4 has modulation > 2 s . 
This is done using part ii) of Lemma 16.51 The rest of the argument is 
similar. 

Case 6 : \ki — k^l < 2 and k 2 , k^ < k 4 ^ — 10. By switching the roles of 
'ipi and V’ 2 , this case is entirely similar to Case 5. 

Case 7: {ks — k 4 \ < 2 and fci, ^2 < ^4 — 10. Without loss of general¬ 
ity we assume fci < /c 2 - No modihcation is needed if S 3 = S 4 . If 
S 3 = —S 4 then only interactions at angle < 1 in {' 1 ) 3 , contribute to 
/ given that the output {pJs, is localized at much lower frequency. 
Using part ii) of Lemma 16751 we conclude that at least one factor xpj has 
modulation > 2 ^^ and then the argument becomes easier. □ 

Based on Theorem 16.11 we can now prove Theorem 11.11 concerning 
the global well-posedness and scattering of the cubic Dirac equation 
for small data. 

Proof of Theorem li.il In Section [3] we reduced the study of the cubic 
Dirac equation to the study of the system fl3.3p . In the nonlinearity of 
fl3.3p we split the functions into where ip± = Il±'ip and note 

that 'ip± = Il±'ip±- Using the nonlinear estimate in Theorem 16.11 and the 
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linear estimates in Corollary I4.5[ a standard fixed point argument in a 

small ball in the space x Sq’^ (J) gives local existence on every 

time interval I containing 0, uniqueness and Lipschitz continuity of 
the flow map for small initial data (i/’+(0),'0_(O)) G x 

Since all the bounds are independent on the size of I, this implies 
global existence, uniqueness and Lipschitz continuity of the flow map 
for small initial data ('0+(O),'0_(O)) G x 

Concerning scattering, we simply use the fact that 'ip± G this 

is obtained first on every time interval I with bounds independent of 
the size of I which then implies the global bound on M. □ 
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